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General introduction
Industrial context
The depletion of fossil fuels and consequent environmental pollution has been elevating con-
cerns about sustainable green energy sources. This situation has driven the industry to
the development of new sustainable technologies for supplying the energy demand, which
according to recent forecasts will continue to increase (Fig. 1).
Figure 1: Forecast of worldwide energy consumption, measured by Million Tonnes of Oil
Equivalent (from IEA/World Energy Outlook 2018).
In the current context of energy transition, wind energy has been one of the main and fastest-
growing sources of renewable energy and has contributed significantly to the decarbonization
of the electric sector. A recent development area aims to extend the exploitable wind sites
by means of floating offshore wind turbines.
Although there is a sizable wind resource that can be developed with the fixed-bottom foun-
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dation technology (fixed-foundation offshore wind turbines can be installed up to a sea depth
of about 50 meters), the material and installation requirements of these foundations, along
with the amount of additional wind resource at at higher water depths, drive significant in-
terest in floating offshore wind, since it open up new and possibly better wind resource areas.
The interest in exploiting sites with deep water depth of several hundreds meters is growing
fast, due to better cost-performance trade-off, higher average wind speed and reduction of
environmental issues regarding noise, visual and space constraints [109].
Little is known about the long-term cost implications of moving to floating offshore platforms;
however, floating offshore foundations offer the potential for less foundation material relative
to deep-water fixed-bottom foundations and the installations and decommissioning are greatly
simplified [53]. Moreover, the long-term survivability of floating structures has already been
technically demonstrated by the marine and offshore oil industries over many decades [11].
Floating offshore wind turbines (FOWT) are basically constituted by a wind turbine installed
on a floater, which is linked to the seabed by means of mooring lines. The mooring system has
the function of limiting excessive displacements and rotations to preserve the power-cables
and other wind turbines installed nearby and to ensure suitable production conditions for
the turbine.
Engineers must consider several limit states, in particular ultimate limit state (ULS) and
fatigue limit state (FLS), to design the mooring system [31]. For the FLS on which we will
focus in this thesis, mooring lines have to resist the cyclic loading induced by the floater
movements during the whole structural lifespan, with a sufficient safety margin defined by
offshore regulations [32].
Despite the offshore mooring technology is used since many years, still nowadays mooring
line failure events are elevating concerns in the Oil&Gas industry (a FOWT industry still has
to develop), since a failure at a key structural connection of the mooring leg to the floating
unit can require significantly complex repair operations [76].
Statistics of mooring line failures are available regarding oil exploitation. In [45] mooring fail-
ure data collected from a survey involving industrial operators and contractors are reported.
Based on the survey results, the annual rate of single line failure turns out to be of the order
of 2.5 · 10−3 per mooring line per year and 2.1 · 10−2 per facility per year. This failure rate
for FPS mooring systems (Fig. 2) is exceeding the nominal design failure rate by an order
of magnitude [76].
For what concerns wire ropes, the chart in Figure 3 shows that a greater part of failure events
is linked to rope damaging during installation. From defects and microcracks which originates
in the installation phase, fatigue cracks take place in the early years of life of the structure.
These early line failures are grouped in a failure case named Infant Mortality. Even without
the initial damaging, fatigue represents an important cause of failure. The greater part of the
failures occurs near the socket, where the wire rope movements are restrained. Nevertheless,
in this work we will focus our analysis on mooring part far from these restraints.
For the FLS, current offshore standards predict fatigue life of mooring lines just considering
results from laboratory fatigue tests on a rope sample, mostly limited to tension-tension tests
[30]. The goal of this study is to build a tool which takes into account tension and bending
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Figure 2: Cumulative failure events versus number of mooring leg exposure years per year
from 1997 to 2013 [45].
Figure 3: Causes of failure events for wire ropes [45].
and predict the fatigue damage along each mooring line, considering local stress variations
linked to the contact interactions between the wires. To our knowledge, the industry still
lacks of this kind of tool.
Proposed approach
The approach which has been chosen in order to reach the goal of the thesis is described by
the flowchart in Fig. 4.
At the top of the flowchart there is the global model, which in our case is implemented in
the dedicated industrial software DeeplinesTM. It models the mechanical response of the
global wind turbine system, i.e. the floating structure and the mooring lines, under the
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Figure 4: Flowchart of the thesis.
environmental loading. When a solution is computed, the global quantities of interest are
obtained, namely the tension and the curvature histories along the mooring lines.
These global quantities are transferred to a local model, whose task is to estimate the local
forces at the wires level. The aim is therefore to obtain generalized stresses in each wire,
the contact forces and the relative movements among the wires. Moreover, thanks to this
local model the mechanical behavior of the wire rope can be deduced, and the mechanical
properties of the beam elements in the global model can be updated, mostly for what concerns
the bending behavior. The red question mark in Fig. 4 stands for the fact that is not clear
if this updating would affect or not the results of the global model.
The local quantities feed a fatigue law, to be identified in the literature. The fatigue damage
will then be obtained for each environmental state. According to the probability of occurrence
of each environmental state, the fatigue damage expectation in the structural lifespan can be
estimated.
Finally, if considering a safety factor for uncertainty or embedding the flowchart in a reliable
analysis, the mooring system configuration can be declared safe or unsafe with respect to the
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FLS.
Scientific challenges
There are several scientific challenges to face in order to accomplish the purpose of the thesis.
• First of all, there is the need to develop a numerical model able to properly estimate
what happens inside a wire rope subjected to tension and bending, balancing accuracy
and computational cost. This finite element model has to manage contact among
multiple deformable bodies (the steel wires), many of them with very small contact
surfaces.
• Since with the wire rope model we simulate the behavior of a wire rope portion, the
boundary conditions have to be specified in order to model the continuity of the rope,
avoiding as much as possible any artificial edge effect. This ensures the coupling between
the macro and the micro scales, for the critical global zones of interest.
• Several fatigue laws will be proposed and the influence of the choice of the fatigue
criterion on the final results will be evaluated.
One of the major challenges of the thesis is associated to the complex geometry of the wire
rope and to the computational cost of a 3D modeling which allows to compute the sliding
among a high number of wires and along a representative length of the rope. Another
difficulty is associated to the complexity of modeling a high number of localized contacts,
which results in a highly nonlinear model.
The prohibitive computational cost of a Finite Element analysis which employs 3D elements
led us to prefer a simplified model of the wires, namely by describing the rope as an assem-
bly of beam elements having rigid sections. Despite this simplification, we noted that the
computational cost can still be considerable.
The results of computationally expensive models allowed us to take further hypotheses about
the contact kinematics. These have been the starting point for the development of a new
simplified model feasible for the fatigue analysis of mooring wire ropes, both for its compu-
tational cost and its accuracy.
Even if some specialized softwares have been developed to deal with wire rope modeling [37],
a concern in this thesis is to be able to use a legacy code, which is a prerequisite if one wishes
the developed approach to be actually used for design.
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Thesis outline
The thesis is organized into different parts.
1. The first part presents the state of the art of all the fields that have been covered during
this work. It is subdivided into four chapters, going from the global scale to the local
one. Namely it starts from the description of FOWT installations, in which particular
emphasis is given to characterization of the environment and to the structural modeling.
In the second chapter, the literature concerning wire ropes is reported, both concerning
their modeling and the experimental results. In the third chapter, some notions about
fatigue are given, particularly regarding multiaxial and fretting fatigue. In the last
chapter, general aspects of computational contact mechanics are treated.
2. The second part presents the developments and results which have been obtained dur-
ing this thesis. It begins with a chapter that deals with the global model, in which
the characteristics of the case study are presented and the wire rope profile is cho-
sen in order to satisfy the ultimate limit state requirements. The following chapter
regards the first attempts in the wire rope modeling, using tools already available in
Abaqus R©/Standard. In chapter 7, the formulation of a new element for the frictional
contact between beam elements assuming small sliding and finite rotations is presented.
In chapter 8 numerical simulations are performed in order to compare the results of
this new frictional contact element to analytical solutions, and to numerical solutions
of standard beam-to-beam and surface-to-surface contact algorithms. In the last chap-
ter, the analysis on a mooring wire rope portion is performed considering a severe sea
state among the fatigue environmental cases. It constitutes a preliminary attempt of a
detailed fatigue analysis.
3. In the third part, some conclusions are drawn and directions for further research will
be proposed.
4. The final part is constituted by appendices, giving to the interested reader some notions
on finite rotations theory and on the linearizations involved in the contact element
described in chapter 7.
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Part I
State of the art
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Chapter1
Floating wind turbines
Floating wind turbines are particular structures, which are composed of a turbine, a tower,
a floater linked to the seabed by mooring lines, and a power cable.
The design of a FOWT involves many difficulties. First of all, its physical modeling requires:
• to evaluate the action of the sea waves on the floater and the effect of water on the
motion of the mooring lines by means of hydrodynamic calculations;
• to estimate the action of wind on the turbine and on the tower by means of aerodynamic
calculations;
• to include control strategies, in particular on the blade orientation, to ensure the struc-
tural safety and optimize the production;
• to solve a highly nonlinear structural dynamic problem.
Secondly, the random nature of the environmental loads adds first-order uncertainties on
the analyses output, in addition to other sources of uncertainty: material properties, model
parameters, real installation configuration, etc...
1.1 Characterization of the environment
Offshore structures of all types are subjected to cycle loading from wind, current and waves
acting simultaneously. These environmental phenomena are of random nature and for each
of them it is possible to define a statistical distribution by making some preliminary as-
sumptions. The set of possible environmental conditions is defined by including the joint
probability of the different load parameters. However, even with a coarse discretization of
the parameter space, the number of loading conditions can easily exceed 104. Since the cal-
culations are usually time-consuming, engineers developed strategies in order to deal with a
further limited set of environmental loading [107], in particular for FLS calculations. On the
other hand, this drives interest for the development of faster numerical models.
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1.1.1 Modeling of the sea state
For what concerns the sea waves, they may be distinguished in two main categories:
• wind sea, generated by the direct action of the local winds on the sea;
• swell, caused by distant weather systems.
For the sake of simplification, we assume that the main load contribution is due to swell, ne-
glecting the local action of the wind sea on the structure (which is less easy to describe). Swell
can be modeled as superposition of many harmonic components, having different frequencies
and directions.
In general, the observed sea elevation at a certain location x = x0 at time t, ψ(x0, t), can
be considered as a realization of a non-stationary stochastic process Ψ, whose characteristic
parameters vary slowly in time [140, 99].
In order to characterize the sea elevation at a given position from a stochastic point of view,
we make reference to two different time scales, a short-term and a long-term one.
Short-term statistical distribution
For short term periods (few hours) the sea surface Ψ(x, t) is assumed to be a zero-mean
ergodic (and therefore stationary) Gaussian process.
The ergodicity assumption implies that, from a statistical point of view, it’s the same to
look one realization in time of the stochastic process or fix a time instant and look to all the
realizations. Therefore an ergodic stochastic process can be described by looking to a single
realization. For the sea state, this assumption is by convention considered for a time interval
of three hours [99]. However, in practice engineers often consider a simulation time of one
hour only, following the requirement of the standard [67].
The spectral density S(ω) is the Fourier transform of the autocorrelation function and rep-
resents the energy distribution of waves according to the different pulsations ωi. The link
between spectrum and wave amplitudes Ai is defined by the following equation:
A2i = 2S(ωi)dωi (1.1)
in which dωi is the difference between two consecutive frequencies.
Hence from the spectral density it’s possible to define infinite realizations, expressed by
Fourier series:
ψ(t) =
∑
i
Ai cos(ωit+ φi) =
∑
i
√
2S(ωi)dωi cos(ωit+ φi) (1.2)
by changing the phase angles φi, which is done by choosing a different stochastic seed for
each realization.
Many types of spectra could be defined in order to characterize the energy distribution of
the wave components. In this thesis, we use the JONSWAP spectrum:
SJ(ω) = α
ω4p
ω5
H2s exp
(
−5
4
(ωp
ω
)4)
γ
exp
(
− 1
2
(
ω−ωp
σJONωp
)2)
(1.3)
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which was originally set for North Sea sites but has been generalized in offshore applications.
In (1.3)
- Hs is the significant wave height;
- ω is the wave pulsation and ωp is the peak pulsation;
- γ is the peak enhancement factor, which basically defines the spreading of the spectrum;
- α is chosen such that
H2s
16
=
∫
SJ(ω)dω (1.4)
while
σJON =
{
0.07 for ω ≤ ωp
0.09 for ω > ωp
(1.5)
Figure 1.1: JONSWAP spectra obtained with Tp = 13.5 s, γ = 1.3 for different values of Hs.
.
The shape of the spectrum (Fig. 1.1) depends on three parameters: Hs, ωp (or equivalently
Tp =
2pi
ωp
) and γ.
Long-term statistical distribution
The characterization of the sea state in the long-term is given by the percentage of occurrence
of each short-term sea states.
The metocean data (records of the time evolution of the height of the sea level) are hence
used to build the so-called Wave Scatter Diagram (WSD), as the one reported in Figure 1.2.
1.1.2 Wind action
The action of the wind is also a stochastic phenomenon, which hence adds uncertainty to the
physical model. According to [31], time wind climate is represented by the 10-minute mean
wind speed U10 and the standard deviation σU , both referred to a certain height above the
mean sea level. This time interval corresponds to a stationary assumption, with constant
values of U10 and σU .
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Figure 1.2: WSD obtained by metocean data at a given site. Each column corresponds to a
certain interval for the peak period Tp, while the rows define the intervals for the significant
wave height Hs. Into each block is reported the percentage of occurrence of that specific 3
hours sea state. The sum of all the percentages is not 100% because this WSD refers to a
certain azimuthal sector.
Wind speed U10 varies according to the height above the sea level. In [32] are reported
two possible distributions: a logarithmic and a power-law one. In general, the wind speed
gradient decreases rapidly with the height above the sea level (Fig. 1.3).
Figure 1.3: Power-law wind speed distribution.
In this thesis we neglect wind turbulence, assuming that its contribution on fatigue damage
of mooring lines is small with respect to the one due to the sea waves and the steady part
of the wind action. This assumption could for instance be supported by the comparison of
the square root of the spectrum of the mooring line tension in [77] for the semi-submersible
OC4 model of [132], with a steady wind and with an irregular wind. of the square root of
the spectrum Moreover, for the sake of simplicity, the direction of the wind is assumed to be
the same of the one of the sea waves.
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1.2 Floating structure
The floating structure is composed of the floater, the tower and the turbine. It is subjected
to the action of waves on the floater and wind on tower and turbine.
There exists several design typologies for the floating structure of offshore wind turbines.
They may be classified according to the way in which the stability is achieved in three main
categories, represented in Figure 1.4.
Figure 1.4: Possible floating wind turbine designs [54].
(a) The first one is a buoyancy stabilized floater. The idea is to use a floater with a large
water-plane area. Thanks to this feature, the floater has an improved resistance for any
kind of displacements which involves the vertical movement of the base, because of the
greater contact surface with water.
(b) The second is the so-called ballast stabilized floater, in which hydro-static stability is
pursued by lowering the platform’s center of mass below the center of buoyancy, thanks
to heavy ballast and large draft. In this case the water-plane area is minimal, which
produces a lower susceptibility to wave-induced motions. On the other hand, the heavy
weight of the ballast is achieved by addition of material, increasing the costs, and the
large draft complicates the installation.
(c) Another possible design is represented by the tension leg platform. Here the system is
stabilized with taut mooring lines, anchored in the sea ground and kept in tension thanks
to excess buoyancy of the floater. The line tensioning together with a small water-plane
area bestow on the system a very high stability, but increases the loads on the mooring
lines and on the anchors.
The whole floating structure is often considered as a rigid body, since deformations in the
platform are negligible if compared to its gross motion. Hence, its degrees of freedom, repre-
sented in Figure 1.5, are the six associated to rigid body motions:
• translation along the main wind direction (longitudinal direction), called surge,
• translation transversal to the wind direction, called sway,
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• translation along the vertical axis, called heave,
• rotation about the longitudinal axis, called roll,
• rotation about the transverse axis, called pitch,
• rotation about the vertical axis, called yaw.
Figure 1.5: Degrees of freedom of a floater [31].
From a wind turbine design point of view, the use of a floating platform instead of a fixed
foundation exposes the turbine to these significant new motions. Among them, the most
problematic to a turbine is pitch, which is easily excited by both wave loading and wind
thrust and which also generates additional bending moments in tower and blades, two of
the most critical structural loads [54]. In order to limit the bending moment, for extreme
loading, and also to optimize the electrical production in operational conditions, control
strategies have been developed (Fig. 1.6).
1.2.1 Wave loads
Since the water is in relative movement with respect to the body, the physical problem to be
faced is a hydrodynamic one. Neglecting for the moment non-linearity in dynamic equation
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Figure 1.6: Maximum absolute moment in the fore-after direction as a function of wind speed
and different control strategies, namely PID and LiDAR [52].
due for instance to finite rotation, in usual hydrodynamic problems the equation of motion
has the form
M · u¨+B0 · u˙+B1 · (v˙ − u˙)‖v˙ − u˙‖+K · u = F (1.6)
in which M is the mass matrix, B0 is the damping matrix for linear drag, B1 is the damping
matrix for viscous drag, K is the stiffness matrix and F is the force vector. The vectors u
and v collect respectively the displacements of the solid body and of the surrounding fluid,
while the dot upon the vectors denote the derivative with respect to time.
First of all, in order to define the tensors in the equation of motion, it is necessary to look at
the dimensions of the bodies within the fluid. One has to distinguish between two situations,
namely if the dimensions of the submerged body are small or not relatively to the wavelength.
The reason is that in the first case the wave excitation forces can be calculated based on the
undisturbed wave kinematics, while in the other case the presence of the body influences the
wave profile.
The linear hydrodynamics approach is used when the dimension of the body, the floater in
our case, is not negligible when compared to the wavelength. The hydrodynamic forces are
considered as the superposition of the three following problems, as reported in Figure 1.7.
(a) Hydro-statics: it corresponds to the equilibrium between the own weight of the body and
the Archimede buoyant force.
(b) Diffraction (or wave excitation): it’s the loading on the platform exerted by incident
waves. In this problem the system is studied without the body movement, on which the
incoming waves diffract around it.
(c) Radiation: the body moves in still water, generating waves. If one neglects viscous drag,
the forces that result from radiation can be split in two components: added mass, which
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Figure 1.7: The components of linear hydrodynamics illustrated for a cylinder [54].
accounts for the mass of water that is accelerated by the floater, and wave-radiation
damping, proportional to the velocity of the floater, whose power (neglecting viscous
drag) is equal to the power radiated away in the generated waves. These waves influence
the pressure field around the body, impacting its motion. Hence one can note that
radiation has a memory effect: wave-radiation damping forces depend on past floater
motions.
The hydrodynamic response of the floater is computed thanks to a dedicated software which
performs linear hydrodynamic computations of diffraction and radiation (see Fig. 1.7), for
different wave periods. The solutions are then superposed, creating the so-called Response
Amplitude Operators (RAOs). These basically collect the value of Forces and Moments to be
applied on the floater for waves with unitary amplitude, having different period and direction.
Moreover, any relative motion of body and water also produces viscous drag forces. Their
effect can be estimated thanks to the Keulegan-Carpenter number
KC =
V T
Dbody
(1.7)
where V is the amplitude of the velocity oscillations, T the oscillation period and Dbody
is a characteristic length of the body. If KC is small the viscous effects can be neglected,
conversely viscous drag effects are superior with respect to the inertial ones.
The viscous effects can be relevant, depending on the geometry of the floater. Namely, if
it is characterized by the presence of sharp edges, these would generate a vortex shedding
effect in the case of relative movement with respect to the surrounding fluid. This dissipates
energy and has therefore the beneficial effect to reduce the mobility of the floater.
1.2.2 Wind loads
The aerodynamic loads depend on whether the turbine is rotating or not. Namely, the turbine
rotation is prevented, i.e. it is shut down, in the following situations:
- when the wind speed is below a certain threshold, usually 3m/s, since in this case the
wind turbulence is too high and would cause important stress variations in the blades,
with consequent fatigue issues;
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- when the wind speed is above a certain threshold, usually 25m/s, because the pitch of
the blades is not sufficient to limit the rotational speed;
- during maintenance operations and curtailments.
If the turbine is shut down, two thrust forces applied on the tower and on the rotor of the
turbine are introduced. Their value are given by the following expressions:
Frot =
1
2
ρair(Cd,nacSnac + Cd,rotSrot)V
2
wind (1.8)
Ftow =
1
2
ρairCd,towStowV
2
wind (1.9)
in which
- Cd,tow is the drag coefficient of the tower
- Stow is the tower surface exposed to the wind
- Cd,nac and Cd,rot are the drag coefficients of nacelle and rotor
- Snac and Srot is the surfaces of nacelle and rotor exposed to the wind
In the operational case, the force on the rotor is determined from aerodynamic simulations.
Moreover, a torque around the turbine rotation axis is added. For the case study of the
thesis, the load profile is reported in Figure 5.3.
1.2.3 Mooring system
The mooring lines have the function to link the floater to the seabed, lowering the loads
on the floating structure by minimizing the motions of the platform. Moreover excessive
displacements are avoided to preserve the power-cables and the other wind turbines, and to
ensure suitable operational conditions.
Mooring lines may be constituted by chains, synthetic cables or wire ropes. Frequently,
mooring lines are composed of different segments, with chains in the top part connecting
to the floater, to facilitate tensioning, and on the part which lays on the seabed, to resist
abrasion.
In general, according to their shape, mooring lines may be distinguished in two categories:
- tension legs, in which the lines are kept in tension by means of an excessive buoyancy
of the floater ((c) in Fig. 1.4);
- catenary, which consists in long lines that sit on the seabed before reaching the anchor
(Fig. 1.8).
In the considered case study, the shape of the lines is the catenary. The advantage of this
configuration with respect to tension legs consists in the possibility to use cheaper anchors,
because they are subjected to actions which are lower in magnitude, thanks to the longer
length of the mooring lines. Most of the restoring forces of a catenary system is generated
by the own weight of the lines.
According to the configuration of the lines with respect to wind direction, one can distinguish
between leeward and windward lines, as shown in Figure 1.9. From inspections of existing
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Figure 1.8: Catenary-shaped system (www.dredgingengineering.com).
offshore structures it has become clear that the less loaded leeward lines can be subjected
to greater degradation than the windward lines; this seems to be due to greater bending in
leeward lines since the line is typically under lower tension [106].
Figure 1.9: Sketch of windward and leeward lines for the case of an oil & gas FPSO. The red
arrows indicates the key areas which should be inspected on a mooring line [106].
The mooring lines are loaded by the floater movements and, in their submerged parts, by
hydrodynamic loading. Since the mooring lines are slender bodies, with diameter by far
smaller than the wavelength, the Morison’s equation is used.
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The Morison’s equation is a semi-empirical equation and it’s written as follows:
fMor =ρV v¨ + ρV
(
Ca⊥(v¨⊥ − u¨⊥) + Ca//(v¨// − u¨//)
)
+
1
2
ρA
[
Cd⊥(v˙⊥ − u˙⊥)‖v˙// − u˙//‖+ Cd//(v˙// − u˙//)‖v˙// − u˙//‖
] (1.10)
in which u and v denote the displacement vectors of the body and fluid respectively, ρ is the
density of the fluid, V is the volume of the body, A is the cross sectional area, Ca = Cm − 1
is the added mass coefficient (while Cm is the inertia coefficient), Cd is the drag coefficient.
The subscripts ⊥ and // denote that the correspondent quantity is computed respectively
in direction normal and parallel to the rope axis. The first term of the equation is called
Froude-Krylov inertia force, the second is the hydrodynamic mass force (added mass term)
and the third term is the drag force.
Morison’s equation relies on the following assumptions:
(a) Since it cannot handle coupling between different DOFs in added mass, it’s only appli-
cable to slender axisymmetric bodies.
(b) The body will have a negligible effect on the wave motion; the formalization of this
assumption is given by G.I. Taylor’s long wavelength approximation, which states that
for bodies whose diameter is less than one-fifth the wavelength, diffraction of the wave
around the body is minimal and consequently undisturbed wave kinematics is considered
(the body is ”transparent” to the wave).
(c) Since it includes only a viscous (quadratic) drag term, it’s assumed that pressure drag
from wave radiation is negligible.
Then, in order to characterize completely the action exerted on the lines by the surrounding
fluid, the Archimede buoyant force has to be added to fMor.
1.2.4 Global hydrodynamic problem
Applying the Morison’s theory on the mooring lines and linear hydrodynamics on the floater,
the equation of motion of the system takes the form(
Msystem +M
radiation
floater
) · u¨+Bradiationfloater · u˙+Bmooring · (v˙ − u˙)‖v˙ − u˙‖+(
Khydrofloater +K
hydro
mooring +Ksystem(u)
)
· u = Fwind + F difffloater + FMor
(1.11)
in which
- Msystem and M
radiation
floater are the mass matrix of the system and added mass tensor of the
floater, coming from radiation effects;
- Bradiationfloater is the linear damping matrix of the floater, caused by radiation effects;
- Bmooring is the viscous damping matrix coming from the Morison’s equation applied on
the mooring lines;
- Khydrofloater and K
hydro
mooring are the hydrostatic matrices of floater and mooring lines;
- Ksystem is the stiffness matrix, which takes into account the reactions given by the
mooring system when the floater is subjected to displacements, while the presence of
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electrical cables is neglected, assuming that their contribution to the overall stiffness is
negligible;
- Fwind, F difffloater FMor are the force vectors generated by the action of wind and sea on the
structure. The first accounts for the wind action, the second is obtained by solving the
diffraction problem on the floater while the third is computed by applying Morison’s
equation to mooring lines and collects all the terms in the Morison’s equation which
do not depend on solid displacements.
Finally, an implicit Newmark time integration scheme [105] is generally employed to relate
time derivative terms to the degrees of freedom.
1.3 Conclusion
In this chapter, the main features characterizing the mechanical response of a FOWT system
have been presented. These elements will be essential for the understanding of the global
model, that will be presented in Chapter 5.
In Section 1.1, it has been shown how the environmental loading is described, with particular
emphasis on the sea state. In the so-called short-term, it is defined as a superposition of
harmonic components, according to a spectrum (Fig. 1.1) defined by three parameters. In
the long-term, joint probability of two of these parameters defines the so-called wave scatter
diagram (Fig. 1.2). For the sake of simplification, the wind turbulence in this work is
neglected, assuming its contribution to the fatigue damage of the mooring system small with
respect to the one of the sea waves. This assumption should not be relevant for specific
FOWT configuration, in particular with taut mooring lines. By contrast with catenary lines,
taut lines should not be in principle be subjected to bending and are not therefore considered
in this thesis.
In Section 1.2, the main characteristics of a FOWT structural system (namely floater and
mooring lines) have been briefly described. Some general concepts of hydrodynamics are
given, in order to get a basic understanding of the computations performed by DeeplinesTM,
i.e. the software used to performed the global model analysis in Chapter 5.
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Wire ropes
The mechanical analysis of wire ropes constitutes the core of this thesis. A large amount of
research works concerning wire ropes can be found in the literature. In the following sections,
the main findings from analytical models, experimental tests and numerical models will be
detailed.
2.1 Description
Wire ropes consist in a complex assembly of steel wires. The wires are obtained after the
wiredrawing operation, whose aim is the increases of the wire ultimate stress (Fig. 2.1) and
a reduction of ductility (Fig. 2.2). Moreover residual stresses up to 300MPa may develop
in the wire axis direction [156, 144] (Fig. 2.3). The residual stresses may be originated by
mechanical, thermal and thermo-chemical treatments, whose evolution with respect to time
and temperature is different [4]. In general, the manufacturing process is developed in order
to obtain a compression residual stress on the wire surface, which has the beneficial effect of
closing the fatigue cracks during the initiation phase.
Figure 2.1: After 10 wiredrawing processes the wire diameter d reduces from 11mm to
3.69mm, while the ultimate stress Rm increases from 1300MPa to 2400MPa [9].
The wires can be wrapped together in different ways. In particular, there exists basically
two categories of wire ropes: spiral strands (Fig. 2.4a) and stranded ropes (Fig. 2.4b). A
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Figure 2.2: Axial strain at wire break as function of the ultimate stress [9].
Figure 2.3: Residual stress at different depth below the wire surface (from
https://jacquesdubuisson.files.wordpress.com).
spiral wire rope has layers of helical wires around a single core wire or a grouped wire core.
A stranded wire rope will have normally six or eight strands or groups of wires helically
wrapped around either an empty core or another single strand. The wire within a strand are
double helices, i.e. and helix around and helix.
In offshore oil industry spiral strands are used for permanent applications, since they are more
resistant than stranded wire ropes, which are conversely used for temporary application (as
in the drilling phase). Six-strand ropes are less balanced in torsion with respect to spiral
strand ones, in which the angle the wire make with its axis of revolution (called lay angle) of
each layer is designed in such a way to minimize the traction-torsion coupling. Spiral strand
constructions have also the advantage that a polymeric sheath can be more easily extruded
over them to serve as a barrier to seawater.
The division of the load bearing capacity between many “parallel (in the sense of redundant
load paths) wires has two essential benefits: it ensures the essential combination of high axial
strength and stiffness with bending flexibility and allows the structural use of a brittle steel
at very high stresses [15]. The lay angles involved in a particular wire rope architecture are
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(a) (b)
Figure 2.4: (a) A spiral strand wire rope: it has layers of wires in circles around a single
core wire or a grouped wire core [74]. (b) A six-strand wire rope: it is composed by strands
wrapped helically.
chosen in such a way to minimize the length differences between the wires and, if possible, also
to minimize the tension-torsion coupling, which arises because of the helical configuration.
Moreover spiral strands are designed in order to limit the lateral spacing between wires in
the same layer. The geometric condition of lateral contact in the unloaded configuration has
been given by Knapp [79]: √√√√√
1 +
tan2
(
pi
2
− pi
ni
)
cos2 αi
=
Ri
ri
(2.1)
where ri, Ri, ni and αi are respectively the wire radius, the layer radius, the number of wires
and the lay angle associated to the layer i.
2.2 Helical geometry
The aim of the helical shape is to provide flexibility to the system. This feature is important
in many application of wire ropes, since it limits the stress on the wires when the rope is
subjected to bending [27]. The helical configuration reduces the axial deformation of wires
when bending the cable, since each wire is located equally in both tension and compression
side of the cross section. The flexibility is the result of the ability of the helical wires of
different layers to slip with respect to each other as the rope axis bends. The amount of slip
decreases with increasing lay angle of the wires [108].
The drawbacks of the helical structure are the losses in axial strength and axial stiffness,
which increase with the lay angle. However, the helix structure is used even if the wires have
to carry only tensile loads, since it creates the so-called bundle coherence, as wires are held
together.
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2.2.1 Helix with straight axis
The helix equation is given by the following parametric expression (Fig. 2.5):
x = Rs cos θs
y = Rs sin θs
z = Rs cotα θ
(2.2)
where
- Rs is the laying radius of the single helix;
- α is the lay angle (i.e. the angle between the helix tangent and its axis, Fig. 2.5);
- θ is the free parameter;
- θs represents the angular position of the helix center-line around the axis of the rope,
which is given by
θs = θ + θs0 (2.3)
with θs0 the the single-helix phase angle, i.e. the angular position of the helix at the
position z = 0.
Figure 2.5: Planar and three-dimensional geometry of a helix with straight axis.
One can define the so-called Frenet-Serret reference system (t, n, b) associated to each point
along the helix center-line; t is the tangent vector, while n and b are the normal and the
binormal vectors respectively. Naming x the position vector and s the curvilinear abscissa
along the helix center-line, they are defined as
t =
dx
ds
, n =
dt
ds
‖ dt
ds
‖
, b = t ∧ n (2.4)
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These vectors are obtained by linking the variation of curvilinear abscissa with the variation
of the parameter of the curve θ. From
ds =
√
dx2 + dy2 + dz2 =
√(
dx
dθ
)2
+
(
dy
dθ
)2
+
(
dz
dθ
)2
dθ (2.5)
one gets
dθ =
sinα
Rs
ds (2.6)
By then using the chain rule, the expression of the vectors composing the Frenet-Serret basis
is obtained:
t =
 − sin(α) sin(θs)sin(α) cos(θs)
cos(α)
 , n =
 − cos(θs)− sin(θs)
0
 , b =
 cosα sin θs− cosα cos θs
sinα
 (2.7)
The vectors (t, n) define the osculating plane of the curve. The vector n points toward the
center of rotation of the curve and, by definition, the curvature around n is null, i.e. κn = 0.
Thus the Frenet formulas read
d
ds
 tn
b
 =
 0 κb 0−κb 0 τ
0 −τ 0
 tn
b
 (2.8)
where κb is the curvature around the binormal, and corresponds to the total curvature, and
τ is the torsion of the curve. From (2.8) one obtains
κb =
dt
dθ
dθ
ds
· n = sin
2(α)
Rs
(2.9)
τ = −db
dθ
dθ
ds
· n = cos(α) sin(α)
Rs
(2.10)
Finally, it should be noted that in the case of a helix with straight axis, the Frenet-Serret
basis coincides with the Darboux-Ribaucour basis associated with a cylinder having radius
Rs and collinear with the helix axis.
It should be noted that the conventions used here are in agreement with the bibliography
on wire ropes. These can differ from the one used by authors working with the Darboux-
Ribeaucour basis, as [88], for which κb and κn are denoted respectively CN and CB, following
the direction of variation of the tangent. Moreover, in this work the angle θ originates from
the neutral plane, while in [88] θ = 0 indicates the outer arc.
2.2.2 Helix with curved axis
Let us now consider a helix attached to a tore, i.e. a bent cylinder subjected to uniform
curvature κc =
1
ρc
on the y-z plane (Fig. 2.6). Keeping the same convention used in (2.2),
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Figure 2.6: Planar and three-dimensional geometry of a helix with curved axis with constant
curvature 1
ρc
around the x axis.
θs =
pi
2
and θs = −pi
2
define respectively the outside and inside generatrix of the tore. As
shown for instance in [62], the parametric expression of the helix adherent on the surface of
the tore is 
x = Rs cos θs
y = (ρc +Rs sin θs) cosϕ
z = (ρc +Rs sin θs) sinϕ
(2.11)
A three-dimensional surface is a function of two independent parameters, which in our case
are θ and ϕ. A curve on this surface is defined once the relation between the two parameters
is established. As shown in [88], the curvatures associated to the Darboux-Ribaucour basis
and the derivative
ds
dθ
can be obtained once
dϕ
dθ
is defined. It is assumed that the deformed
helix can be described by
dϕ
dθ
=
η
tanα
(1 + h(θ, η)) (2.12)
where η =
R
ρc
and h(θ, η = 0) = 0.
It is useful to represent the helix kinematics by considering the relative displacements with
respect to a reference configuration, namely the kinematics that the helix would have if glued
on the surface of the tore. We can decompose these relative displacements along characteristic
directions. In particular we can choose to use the Darboux-Ribaucour basis or the directions
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associated with the tore. In the first case, the components will be along the transverse and
tangential directions, i.e. ∆b and ∆t respectively; otherwise we can use the components
parallel to the tore axis and along its circumferential direction, respectively ∆p and ∆c. As
shown in Figure 2.7, one can easily switch from a basis to the other.
Figure 2.7: The total relative displacement decomposed along characteristic directions.
In [88] it is found that
h =
1
Rs
(
tanα
d∆p
dθ
− d∆c
dθ
)
(2.13)
One can define curves with particular distributions of ∆p and ∆c (or equivalently ∆b and
∆t). Namely
1. the transposed is the curve with no elongation and whose points can slip along the helix
tangential direction only;
2. the isomeridian is the curve with no elongation and whose points can slip along the
circumferential direction only;
3. the geodesic is the curve with minimum length and whose principal normal (i.e. the
normal of the Frenet-Serret basis) is coincident with the normal to the surface (i.e. the
normal of the Darboux-Ribaucour basis).
The expressions of ∆p and ∆c for these curves are the following
∆c = −Rs cos2 α(ζ + 1)η cos(θ)
∆p =
Rs
tanα
[(ζ + 1) sin2 α− 1]η cos(θ) (2.14)
where
• ζ = 0 for the transposed curve;
• ζ = −1 + 1
sin2 α
for the isomeridian curve;
• ζ = −1− 1
sin2 α
for the geodesic curve.
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2.3 Mechanical behavior
One of the key aspects of the thesis is the modeling of the wire rope at the wire scale. In
fact, being able to properly describe wire interactions at different load levels would allow to
correctly characterize the stress variation and evaluate properly the risk of fatigue.
For what concerns the analytical models, it is important to distinguish between stranded
ropes and spiral strands. For the first category, characterized by the presence of single and
double helices, there are few available analytical models. They treat only the case of axial
loading (tension and torsion without bending) and they assume no friction [167] or perfect
adhesion [153]. We will not consider the case of stranded ropes in this thesis, as mooring
cables for long time applications are mostly using spiral strands.
Conversely, in the literature there are analytical models for spiral strands including bending
and finite friction. There exists two kinds of models:
• semi-continuous models, in which each layer is model as an orthotropic cylinder [59, 72];
• thin rod models, in which wires are considered individually [111, 62].
We chose to make use of the results from the second category, which are easier to be exploited
since the quantities are directly associated to the single wires.
A vast quantity of experimental tests on wire ropes have been conducted, in order to study
their behavior under several loading conditions. Some fatigue tests have also been performed,
from which the researchers developed empirical fatigue laws (see section 3.4.4).
The numerical modeling of wire ropes started in more recent years, when the computational
capabilities of modern calculators were sufficient to deal with the high number of contact
interactions occurring between the wires. However, still nowadays their computational cost
makes them unfeasible for practical design purposes.
2.3.1 Analytical Models - Tension
First of all, let us describe the behavior of the rope when it’s subjected to a pure tensile
load. This loading is of fundamental importance, since wire ropes are basically requested to
bear tension. Moreover, before their usage, wire ropes are usually pretensioned, because a
newly constructed wire rope has a lot of empty space between the wires and applying the
load causes the cross section to contract until the wires are touching. This prevents large
extension at a very low force when wire ropes are first loaded.
It is trivial saying that axial force Trope applied to a wire rope induces an uniform elongation εc
of the rope axis; because of the helical shape of the wires, a second effect arises, since tension
induces an internal torque which tries to ”unwind” the rope. According to the arrangements
of the wires, this effect can be more or less pronounced. Therefore the total force acting on
the rope is actually the sum of two contributions:
Trope = (EA)rope
∆L
L
+Kθ
∆θ
L
= (EA)ropeεc +Kθτc (2.15)
- The first term, in which (EA)rope is the axial stiffness of the rope, is the part of Trope
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which contributes to elongate the rope axis of a quantity ∆L. Note that the axial
stiffness can be related to the radial contraction of the rope (see equation (2.30)).
- The second term is the part of force which makes the wires rotate of a quantity ∆θ
around the central axis of the rope; the quantity Kθ is linked to the torsional stiffness
of the wire rope.
When a wire rope is loaded in tension, the total force Trope distributes on each wire such that
Nwires∑
n
Sn = Trope (2.16)
where Sn is the component in the direction of the rope axis of the force acting on the n-th
wire.
As done by Papailiou [111] we now assume:
1. the change in the lay angle caused by the tensile load is negligible (it tends to decrease
with tension);
2. radial contraction of wires cross sections, due to Poisson effect and contact pressure, is
neglected;
3. the torsion τc of the rope cross section is null (i.e. the wire rope ends are restrained
with respect to torsion);
4. shear forces acting on the wires are negligible with respect to the tensile force;
5. the helices are in line contact condition with the layer underneath (note that this is
true only for the first layer).
With these hypotheses, by a simple geometrical consideration we can state that each wire
in a layer i is subjected to the same tensile force Ti, whose components are represented in
Figure 2.8. Its value is hence given by
Ti =
Si
cosαi
(2.17)
in which Si is the part of the tensile load taken by the wire. The other component of Ti, i.e.
the transverse force Ui, is the one which prevents the rope to unwind.
Figure 2.8: Tensile force decomposition in the individual wire [111].
Linearizing the Pythagorean relation from Figure 2.5, one obtains
ds
s
= sin2 α
dθ
θ
+ cos2 α
dzs
zs
(2.18)
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Because of the third assumption of this model, the torsion of the cross section (i.e. the second
term of equation 2.15) is neglected, obtaining
εi = cos
2 αiεc (2.19)
in which εc is the axial strain of the rope axis. One could note immediately that the axial
strain in helical wires is always lower than the one of the rope axis when the rope is subjected
to pure tension.
Lanteigne [85] takes into account also the torsion of the rope cross section:
εi = cos
2 αiεc +Ri sinαi cosαiτc (2.20)
By assuming a linear elastic behavior, with all the wires made by the same material char-
acterized by Young Modulus E, the tensile force and the stress in the wire are respectively
given by
T tensi =
EAi
(EA)rope
cos2 αiTrope (2.21)
where Ai is the area of the cross section of the wires in the i-th layer and (EA)rope is the
axial stiffness of the rope, whose expression can be obtained by simple algebra from equations
(2.15), (2.16), (2.17) and (2.19) as follows:∑L
i NiTi cosαi = (EA)ropeεc∑L
i [Ni(EA)iεc cos
2 αi] cosαi = (EA)ropeεc
(EA)rope =
∑L
i Ni(EA)i cos
3 αi
(2.22)
with L the number of layers and Ni the number of wires in layer i.
It is important to notice that since the axial strain of the helical wires is constant, no friction
in their longitudinal direction is expected. As a matter of fact, the Euler-Bernoulli axial
equilibrium of a curved beam writes:
dT
ds
− Fκ+ q = 0 (2.23)
where s is the curvilinear abscissa, F is the shear force in the bending plane, κ is the beam
curvature and q is the friction force per unit length. Therefore, according to the analytical
results we have
dT
ds
= 0;F ≈ 0⇒ q = 0 (2.24)
Since wires in adjacent layers are in contact with each other, this means that when a wire
rope is uniformly extended there will be no slippage in the longitudinal direction (though
there could be interwire slippage within each layer) and the stretched wires will retain the
helix geometry with a reduced lay angle [62]. In this configuration each wire has constant
curvature and tortuosity, depending on its lay angle and its distance from the cable centerline:
∆κn = κn − κn0 = 0
∆κb = κb − κb0 = sin
2 α
Rs
− sin
2 αs0
Rs0
∆τ = τ − τ0 = cosα sinα
Rs
− cosαs0 sinαs0
Rs0
(2.25)
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where subscript ”0” refers to the quantity in the initial configuration, κn and κb are the
wire curvature around the normal and binormal vector respectively (κn is null when the wire
geometry is helical), τ is the wire tortuosity, Rs is the helix radius and α is the helix lay
angle.
Actually, considering the real contact condition with the layer underneath, i.e. trellis contacts
(see section 2.4), during tension microslips occur among adjacent layers [112]. According to
[65] these microslips are responsible for the hysteretic behavior observed in tension tests,
together with other slips that propagate from the cable ends.
Influence of radial contraction
Costello [21] considers the radial contraction due to the Poisson effect with the axial strain
in the helical wires. The displacement vector of a point P on the helix centerline can be
expressed as
u(P ) = εczPk − εriRin (2.26)
where k is the helix axis direction, zP is the coordinate of point P along the rope axis and
εri =
∆Ri
Ri
. The axial strain in the helical wire is therefore given by
εi =
du
ds
· t = εc cos2 αi + εri sin2 αi (2.27)
According to Costello, for a layer i the radius contraction linked to the Poisson effect is
εri = − ν
Ri
(
r0εc +
i−1∑
j=1
2rjεjµ+ riεi
)
(2.28)
The axial strain each wire can then be expressed as follows:
εi = aiεc
ai =
Bi
Ai
− 2ν
AiRi
sin2 αi
i−1∑
j=1
ajrj
Ai = 1 + ν
r0
Ri
sin2 αi
Bi = cos
2 αi − ν r0
Ri
sin2 αi
(2.29)
Consequently the axial stiffness of the rope, which neglecting the Poisson effect is given by
(2.22), by including the radial contraction effect becomes
(EA)rope =
L∑
i
Eigiai cosαi (2.30)
with gi =
ni2ri∑L
j nj(2rj)
2
.
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Influence of lateral contact
Considering the contact between wires in the same layer, with the described kinematics
previously described, one can notice that these wires exhibit a relative displacement (Fig.
2.9). This generates, in presence of friction, frictional forces and a shear deformation of the
wires, which can be expressed as
γi =
dUi
2ri
= εi tanαi = ai tanαiεc (2.31)
Figure 2.9: Sliding between the wires in the same layer caused by tension [139]
The critical shear deformation increment generating sliding among the wires is [139]
∆γcriti =
µp0b
G2ri
(
log
(
2ri
b
)
− 1
2
)
(2.32)
in which p0 is the maximum normal contact pressure, b is the width of the contact area, µ
is the friction coefficient and G is the shear modulus. The axial strain increment of the rope
associated to the start of slip is at layer i is
∆εcriti =
∆γcriti
ai tanαi
(2.33)
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2.3.2 Analytical Models - Bending
Let us consider now the bending case. Now to the wire rope axis is also applied a uniform
curvature κc.
As the cable is bent, the lay angle and, therefore, the curvature and tortuosity vary along
each wire; consequently the wire configuration is no longer a helix. If the wires are under
tension and there is no friction between them, then the wires freely slide toward a geodesic
configuration. The configuration of a wire in a bent cable with friction is somewhere between
the configuration without interlayer displacement and a geodesic curve [62].
Figure 2.10: The angle θ identifies the position of the helical wire section with respect to the
bending axis x.
When bending occurs, one can express the position of the helical wire at a given section by
means of the angle θ (Fig. 2.10): θ = 0 and θ = pi correspond to the neutral axis, θ =
pi
2
is
the outer arc and θ = −pi
2
is the inner arc.
Let us consider frictional contact among the wires. During bending two different types of
loading occur on a helical wire: wire elongation and wire bend around its own transverse
axis (Fig. 2.11). The strain distribution caused by the second one can be simply obtained
exploiting beam theory.
For what concerns wire elongation, one can distinguish between two limit situations.
1. When the curvature is sufficiently low, wires are in stick state. This means that no
relative movements among them take place and the rope behaves as a beam, since
sections remain plane in the deformed configuration.
2. After that rope curvature reaches a certain threshold, the helical wires are in complete
slip state.
In order to explain this phenomenon, we first have to determine the contact pressure pi that
the helical wires in a layer i exert on the layer underneath (i − 1). Let us now assume line
contact among the two layers.
The linear pressure pi can be easily obtained by considering the transversal equilibrium of
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Figure 2.11: Wire stresses as the rope bends [111]: (a) wires not displaced, (b) wires displaced.
Figure 2.12: Transversal equilibrium of a curved wire element subjected to tension.
an infinitesimal wire element (Fig. 2.12). Neglecting higher order terms one obtains
pi =
Ti
ρi
= Tiκb,i (2.34)
in which ρi is the curvature radius of the helix. The radial force generated by pi is
dNi = piρidϕ (2.35)
where dϕ is the angle represented in Figure 2.12.
One should note that if the considered layer i is not the most external one, the pressure
coming from the outer layers adds up to the value obtained from equation (2.34). Moreover,
we will always consider that the helical wires are in tensile state. The absence of compression
is a design requirement for a wire rope mooring system, since a compressed wire would
immediately buckle, giving rise to a phenomenon known as birdcaging [21].
When the wires of a layer i are in complete stick state, the parametric description of their
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axes are described by (2.11). Their axial deformation can be obtained as follows [62]:
ds =
√
dx2 + dy2 + dz2
= ds0
√(
dx
ds0
)2
+
(
dy
ds0
)2
+
(
dz
ds0
)2
= ds0
√√√√[(dx
dθ
)2
+
(
dy
dθ
)2
+
(
dz
dθ
)2](
dθ
ds0
)2 (2.36)
Then, by using the relationship Ridθ = ds0 sinαi (Fig. 2.6), after some algebra one obtains
ds = ds0
√√√√[R2i + (ρc +Ri sin θ)2(dϕdθ
)2](
sinαi
Ri
)2
(2.37)
Since dz = ρcdϕ = (1 + εc)dz0 and
dz0
dθ
= R cotαi, one obtains
dϕ
dθ
= (1 + εc)κ
2
cR
2
i cotαi = (1 + εc)η
2 cotαi (2.38)
With reference to equation (2.12), for the adherent helix one gets
hadh(θ, η) = η(1 + εc)− 1 (2.39)
Finally the axial strain of the adherent wire is
εi =
ds
ds0
− 1 =
√
sin2 αi + (1 + κcRi sin θ)2(1 + εc)2 cos2 αi − 1 (2.40)
In the hypothesis of small curvature κc, the linearized expression of εi follows a sinusoidal
distribution:
εsticki = (εc +Riκc sin θ) cos
2 αi (2.41)
In addition to the axial strain, a bent helical wire is also subject to local bending and twisting.
By projecting the acting bending vector in the Darboux-Ribaucour basis, in stick state the
following curvatures are obtained [162]:
κb = κc cosαi sin θ
κn = κc cos θ
τ = κc sinαi sin θ
(2.42)
When the most external layer L is in complete slip state, the axial elastic force, obtained
after integrating the longitudinal equilibrium equation of a helical wire element and assuming
that slippage only occurs along the axial direction of each wire, becomes
TL(θ) = T
tens
L e
µi sinαLθ; −pi
2
≤ θ ≤ pi
2
(2.43)
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where µ is the friction coefficient and T tensL is the tensile force due to tension in a wire
belonging to the most external layer (equation (2.21)).
One can notice that after complete slippage is attained, a further increase of curvature would
not change the tensile force on the helical wires and only the ’local’ bending moment of the
wire would increase.
Considering the fact that contact does not occur along lines, as in the case of two layers in
contact with different lay angles, the normal force at contact points is given by [111]
Pi = 2Ti sinαi sin
(
∆θi
2
)
(2.44)
in which
∆θi =
2pi
bi
(2.45)
The quantity bi is the number of contact points between layer i and i− 1 per lay length i
bi = Ni−1
(
Ri tanαi−1
Ri−1 tanαi
± 1
)
(2.46)
in which the sign ′+′ corresponds to the case of the adjacent layers having opposite lay sense.
The resulting axial strain and tension along the wires assumes stepwise variations. By in-
creasing the number of contact points, the difference among this stepwise variation and the
continuous one tends rapidly to become negliglible.
Considering a helix in a generic i-th layer in complete slip state, its axial force can be obtained
thanks to the following equations [62]:
T slipi (θ) = T
h
i (θ) + T
p
i (θ) (2.47)
T hi (θ) = C
h
i e
µθ sinαi (2.48)
Chi (θ) = EAiεc cos
2 αi −
L∑
j=i+1
Cpi,j (2.49)
T pi (θ) =
L∑
j=i+1
Cpi,je
µθ sinαj (2.50)
Cpi,j =
2 sinαj
RiNj tanαj
RjNi tanαi
Chj +
j−1∑
k=i+1
sinαk
RiNk tanαk
RkNi tanαi
Cpk,j
sinαj − sinαi 1 ≤ i < j ≤ L
(2.51)
The moment-curvature relation of a wire rope is nonlinear. Initially, all wires are in stick
state and the cross sections remain plane (the wire rope follows beam kinematics). In this
phase the bending stiffness is the maximum one:
(EI)max = (EI)min + (EI)II =
L∑
i
NiEpi
r4i
4
cosαi +
L∑
i
Ni∑
n
E(Ri sin θn)
2Ai cos
3 αi (2.52)
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- (EI)min is the bending stiffness contribution of the single wires which bends around
their own axis (ri is the wire radius in layer i); this is the bending stiffness of the wire
rope when all the wires are in slip state and is the minimum one.
- (EI)II is the rigid cross section contribution caused by friction.
The slippage in a layer starts in the proximity of the neutral axis. The first layer to slip
is the most external one, since the contact pressure involved is the lowest. For the internal
layers the contribution of the external ones increases the contact pressure and consequently
higher friction forces can take place.
For each layer, it is possible to determine which is the limit angle in θ±i in correspondence of
slippage for a certain curvature of the rope axis. Differentiating the axial force in stick state
(whose expression can be obtained from (2.41)) with respect to θi one obtains
dT sticki = EAiκcRi cos
2 αi cos θidθi (2.53)
We now assume that the wire is in a state of impending slip. Consequently all the wires in
outer layers in its sector must be in a slip state. The normal contact force increment on the
wire is therefore
dPi =
(
T sticki (θi) sinαi + 2
N∑
j=i+1
T slipj (θi) sinαj
RiNj tanαj
RjNi tanαi
)
dθi (2.54)
Setting the imbalanced force equal to the maximum friction force at the boundary between
the stick and slip states, identified by θ±i , yields
EAiκcRi cos
2 αi cos θ
±
i = µ
(
T sticki (θ
±
i ) sinαi + 2
N∑
j=i+1
T slipj (θ
±
i ) sinαj
RiNj tanαj
RjNi tanαi
)
(2.55)
This equation can be numerically solved to find the unknown boundary angles θ±i . It is also
possible to evaluate the curvature κc which activate slippage in layer i.
These equations allow to obtain numerically the moment-curvature diagram of the wire rope.
A even more accurate modeling is proposed in [63], where shearing and micro-slipping (and
ultimately the gross slipping) are taken into account at the inter-layer wire contact interfaces,
as opposed to only considering a stick-slip system. However, we will consider the simplified
approach proposed by Papailiou [111], which considers that each layer suddenly slips when
a certain level of curvature is attained. The bending diagram takes therefore a multilinear
shape.
The bending stiffness values at the kink points of the bending diagram are
(EI)j = (EI)min +
j∑
i
Ni∑
n
E(Ri sin θn)
2Ai cos
3 αi (2.56)
The curvatures κm in correspondence of the stiffness changes are obtained as follows. Firstly,
the bending moment generated by friction has to be obtained:
MR,j =
L∑
i=L−j+1
Ni∑
n=1
T slipi (θn)Ri sin θn cosαi (2.57)
Multi-scale modeling of the fatigue of mooring wire ropes
44 Chapter 2. Wire ropes
Then the curvatures κm are computed as
κm,j =
MR,j
(EI)j − (EI)j−1 (2.58)
It should be noted that the maximum friction force which can take place among the wires
depends on the normal contact force. Consequently, it depends on the value of the traction
force applied to the rope (see (2.21) and (2.34)). Therefore an important conclusion can be
drawn: traction affects the bending stiffness of the rope.
Figure 2.13: Moment-curvature diagram for a single layer strand in a loading-unloading cycle
[111].
In the case of loading-unloading cycles, the behavior is hysteretic and it is represented in
Figure 2.13. It is drawn in the hypothesis that no damage occurs among the contact surfaces
of the wires. Branch 1 is characterized by perfect adhesion between the wires. At curvature
km, wire slippage takes place and therefore in branch 2 the stiffness is reduced with respect
to the initial one. In the unloading branches 3 and 4 there is again perfect adhesion between
the wires. The point ”0” can be seen as a new origin of the diagram. Branch 5 starts when
the curvature computed form point ”0” reaches the value km: the stiffness is the same of the
one in branch 2 but wires slip in the opposite direction. Finally if the stress is again reversed
the hysteresis loop closes with branch 6, whose slope is the initial one. It should be noted
that it is possible to have a residual curvature with no bending moment.
2.3.3 Analytical Models - Torsion
Because of the helical pattern of the wires, when a wire rope is tensioned the wires can
easily generate torque. In other words, wire ropes exhibit a tension-torsion coupling. The
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mechanism is shown in Figure 2.14: the total tensile force is distributed equally to each wire,
generating also a transverse force component whose magnitude depends on the lay angle α;
these components are responsible of the generation of torque, given by
Mt =
L∑
i
NiTi sinαiRi (2.59)
Figure 2.14: Torsional forces in a 6+1 wire rope structure under axial load [130].
In the literature, many procedures have been employed in order to quantify this coupling,
which is assumed to be expressed linearly as follows:[
T
M t
]
=
[
C11 C12
C21 C22
] [
εc
τc
]
(2.60)
For instance, Lanteigne [85] obtain the coupling coefficient C12 = C21 in accordance to what
is shown in Figure 2.14. Therefore its expression is
C12 = C21 =
L∑
i
EAiNiRi sinαi cos
2 αi (2.61)
2.3.4 Observations from experimental tests
Many experimental tests have been performed on steel wire ropes in order to assess their
strength and resistance. The obtained results have also been used to assess the quality of
analytical and numerical models.
In [154] Utting and Jones performed static axial tests in order to predict the behavior of 7-wire
strand with different end restraints. The authors analyzed the local effects near terminations
of steel wire ropes, which result in uneven loading between the wires and in a hysteretic
behavior. In particular, they observed that whereas friction and wire flattening have very
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little effect on estimates of the overall strand response, the axial deformation of individual
wires can be significantly affected by the magnitude of friction and contact forces and the
proximity of strand terminations.
In [125] tension-torsion static tests are conducted on spiral strands. The hysteretic tor-
sional behavior is studied on a brand new rope and another one being on service for several
years, highlighting differences among the two ropes. In [131] tension-torsion fatigue tests
are performed on stranded ropes. In particular, an experimental test is designed in order
to specifically analyze torsion induced when two mooring branches having different tension-
torsion coupling are connected in series. At the connection the two branches rotate in order
to match their torques and re-establish the equilibrium of the system. The magnitude of the
rotation is a function of the rope constructions, the load and the relative lengths of the ropes
[17].
In [78] bending fatigue tests on a curved support are performed. In offshore engineering, the
situation is representative for the design of what occurs when a rope runs over a pulley and
its characterization will not be tackled in this thesis.
In many works, for instance [58, 120, 122, 124, 89], free bending fatigue tests are conducted.
The results obtained from these tests are very useful for the thesis project. The main outcome
is that the first ruptures, which occur close to the rope termination, are not located at extreme
fibers, where wire tension is higher, but they are located in correspondence of the neutral
axis, where wire fretting is most important. Since fretting can be an important source of
damage, these results highlight the need of building a model which predicts properly the
friction and the relative movements between the wires.
In [20] the authors used strain gauges to measure the axial strain variation close to the
termination of wire ropes subjected to bending. The importance of friction is here highlighted.
• When the friction coefficient is sufficiently high, they observed a negligible variation
of the axial strain in correspondence of the neutral axis. The friction is sufficient for
the rope to assume a Euler-Bernoulli kinematics, i.e. plane cross sections remain plane
after bending.
• With low friction coefficient, the strain variations in the bending plane and at the
neutral axis are comparable. The wires tend to slide in the zone close to the neutral
axis, but the presence of the rope termination modifies the kinematics and hence the
strain distribution.
Moreover, the authors observed that the first wire breakages can occur in the inner layers.
2.3.5 Numerical models in the literature
A lot of efforts have been produced by a considerable number of authors, in order to charac-
terize the behavior of wire ropes by means of finite element models. Only some of them will
be recalled here.
In [135] an eight degree-of-freedom curved beam element has been developed for the purpose
of stress and slip analysis of flexible pipe armoring tendons.
In [111] a specific beam finite element is used in order to obtain the profile of the rope axis
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when subjected to tension and bending.
In [78] the authors use Abaqus R©/Explicit and model the wires of a multilayer spiral strand
with linear brick elements (with reduced integration and hourglass control), in order to predict
the three-dimensional stress state in the wires when the rope is bent over a rigid support.
The same elements are used in [146] to simulate a pure tension test.
In [171] linear brick elements are used to determine the evolution of the bending stiffness of
a single layer strand.
In [37] beam elements are used to model the fibers of a synthetic fiber rope bent over a rigid
support. The beam elements are enriched to take into account the deformation of the cross
section.
In [74] the authors used 3D elasto-plastic finite elements to model a multilayer spiral strand,
implemented in the sofware LS-DYNA.
Figure 2.15: Indentation at interlayer contact positions between layers of a 19/54 ACSR
Ge´ant after being submitted to free-bending test and the interpretation with the anisotropic
friction concept [84].
Recently in [84] the authors used the software ANSYS to model each wire of a multilayer
electrical conductor with beam elements, managing the contact with the edge-to-edge contact
elements implemented in the code. They used this model in [83] to compute the fatigue
damage caused by wind-induced vibration (free bending fatigue) on an electrical conductor.
The rope in this case is made by aluminum wires. Because of fretting, indentation at trellis
contact position is observed (Fig. 2.15). To better model the phenomenon, the authors use
an anisotropic friction law. However, no evidences of this phenomenon are reported for high
strength steel wires.
Since in this thesis the goal is to compute the fatigue damage, the need is to evaluate the
effects of a very high number of load cycles (see section 1.1. Therefore, it is fundamen-
tal to employ a numerical model which limit as much as possible the computational cost.
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Figure 2.16: ”Coarse” mesh used in [171] for the modeling of a 7-wire strand.
Consequently, it has been decided to model the wires behavior by means of beam elements.
By looking at Figure 2.16, the use of 3D solid elements seems conversely not feasible in a
reasonable computational time.
2.4 Interwire contact
The interwire contact phenomena in wire rope represent a key point in the understanding
of their elastic, hysteretic and fatigue properties [60]. Gross sliding may occur at contact
locations when the rope is bent, but even in a pure tension regime microslips take place [64].
The contact surfaces evolve during the fretting interaction and three phases can be distin-
guished [66].
1. During the first cycles, the formation of metal junctions causes the increase of the
contact stresses, with consequent plastic deformations. This generates a metallurgic
transformation of the surfaces.
2. Oxide debris with high hardness are formed between the surfaces. These particles
accelerate the wear of the surfaces
3. A bed of small particles, the so-called third body, is created between the surfaces, which
are flattened.
Clearly, the frictional properties change during the evolution of the contact surfaces. This
effect will not be considered in the present work and could be an interesting perspective.
The contact area is a stress concentration zone and promotes crack nucleation. Consequently,
the fatigue endurance with contact decreases by a factor of 2-5 with respect to the endurance
limit determined by uniaxial tests [139]. Experimental observations (Fig. 2.17) confirm that
crack initiation starts in correspondence of the interwire contact zone.
One can distinguish between two classes of interwire contact, which are shown in Figure 2.18.
A. Line contact : it is the contact within a given layer between adjacent wires and between
the wires in the first layer and the central one. In terms of contact stress theory, this
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Figure 2.17: SEM images of crack initiation fatigue zone [49].
Figure 2.18: Interwire contacts in spiral strands: A- line contact within layers; B- trellis
contact between layers [60].
class of contacts can be regarded as the line contact between parallel cylinders. It
influences the overall axial, torsional and free bending stiffness. The contact area is
rectangular.
B. Trellis contact : it occurs between the layers of a spiral strand, since wires belonging to
adjacent layers cross at an oblique angle, producing a point rather than a line contact.
Since it is localized, the contact stresses are much higher than on the line contacts
within a layer. Trellis contacts play a central role in fatigue phenomena. The contact
area in this case is elliptical.
The two contact types will be treated separately by means of Hertz and Mindlin theories.
Namely, Hertz theory [56] relies on the following assumptions:
1. strains are small and within the elastic limit;
2. the surface are continuous (namely the body curvatures near the point of contact can
be adequately represented by parabolas) and non-conforming, meaning that when the
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bodies enter in contact at zero load they touch only at a point or along a line;
3. each body can be considered as an elastic half-space, i.e. their dimensions are much
bigger with respect to the contact area;
4. the maximum diameter of the contact area is very small compared to the radii of
curvature of the surfaces;
5. no friction.
We can then introduce friction in the analytical treatment if the materials in contact are
“elastically similar”, meaning
1− 2ν1
G1
=
1− 2ν2
G2
(2.62)
where ν and G are respectively the Poisson coefficient and the shear modulus. If the condition
(2.62) is satisfied, the tangential contact problem can be decoupled from the normal contact
problem [71].
The aim is to define the stress distribution which originates from the contact interaction
among the two bodies, including friction. In particular, from the analytical stress distribu-
tions one notices that the most heavily loaded elements of material, and thus the site of initial
plastic yielding and eventually crack initiation, lies not at the surface but a small distance
beneath it. This confirms the experimental evidences showing that the fretting fatigue cracks
initiate below the body surfaces.
2.4.1 Line contact
Line contact occurs between the central wire and the first layer and between wires in the
same layer. By neglecting the contribution to the equilibrium in radial direction coming
from contact between the adjacent wires (Fig 2.19), the line pressure central wire and the
first layer is expressed by (2.34).
In the case of line contacts (Fig. 2.20), the contact patch will be of half-width [161]
b =
√
2wr
piE∗
(2.63)
in which w is the load per unit length of the contact area, E∗ is the contact modulus deter-
mined from
1
E∗
=
1− ν21
E1
+
1− ν22
E2
and r is the reduced radius of curvature is defined as
1
r
=
1
r1
+
1
r2
with r1 and r2 the radii of the two cylinders.
The pressure distribution is
p(x) = p0
√
1− x
2
b2
(2.64)
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Figure 2.19: The normal contact force of adjacent wires have a nonzero component in radial
direction [126].
Figure 2.20: Parallel cylinders in contact [161].
where x is a coordinate measured in the direction perpendicular to the cylinder axes starting
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from the center of the contact patch, while p0 is the maximum pressure, given by
p0 =
√
wE∗
pir
(2.65)
The contact stress distribution which originates from line contact is given for instance in [8].
The tangential contact is included in the sliding case only, i.e. when τ(x) = µp(x), with µ
the friction coefficient.
2.4.2 Trellis contact
The trellis contact geometry in a wire rope refers to cylinders with curved axis, with their
axes inclined by an angle α (Fig. 2.21)). One assumes that the profile of each body closer to
the origin of the contact position can be expressed as [161]
z1 =
x21
2R′1
+
y21
2R′′1
z2 =
x21
2R′2
+
y21
2R′′2
The directions of the axes of each body are chosen to coincide with the principal curvatures.
In particular, in our case R′i and R
′′
i denote respectively the minimum and maximum radius of
curvature of body i. For a curved cylinder, the minimum radius of curvature is the cylindrical
radius, while the maximum is the radius of curvature of the axis, which for a helix around a
straight axis is obtained from (2.9). Negative values are taken for concave surfaces.
The contact area is elliptical (Fig. 2.22), whose dimensions can be computed assuming
Hertzian contact [56, 71]. The major semi-axis a can be obtained from [151]
a =
(
3E(e)P
(Acp +Bcp) 2piE∗(1− e2)
)
(2.66)
in which
- E(e) is the elliptical integral of the second kind of argument e = 1−
(
b
a
)2
;
-
1
E∗
=
1− ν21
E1
+
1− ν22
E2
with Ei and µi the Young modulus and the Poisson ratio of
body i;
- Acp and Bcp are curvature parameters, obtained as
Acp =
1
2
(U − V ) Bcp = 1
2
(U + V ) (2.67)
with
U =
1
2
(
1
R′1
+
1
R′′1
+
1
R′2
+
1
R′′2
)
V =
1
2
√(
1
R′1
− 1
R′′1
)2
+
(
1
R′2
− 1
R′′2
)2
+ 2
(
1
R′1
− 1
R′′1
)
+
(
1
R′2
− 1
R′′2
)
cos(2α)
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Figure 2.21: Inclined cylinders in elastic contact [161].
For moderately elliptical contact, meaning Acp
Bcp
≤ 5, the ellipticity can be approximated as
[50]
b
a
≈
(
Acp
Bcp
)2/3
As one can see, the points at the same distance are located along ellipses. Assuming that
points coming into contact are points on the two surfaces that originally were equally distant
from the tangent plane, one deduces that the obtained contact surface has an elliptical shape.
When a load is applied, the point of contact spreads therefore into this area (Fig. 2.22), whose
eccentricity, i.e. the ratio between its axes, depends on the ratio between the principal radii of
relative curvature. The elliptical shape of the contact area has been observed experimentally
in [139].
The angle γ formed by the ellipse minor axis and the direction x1 in Figure 2.21 can be
obtained considering the cylinders as straight, by solving [161]
r2
r1
sin(2γ) = sin[2(α− γ)] (2.68)
After simple algebra one obtains
γ =
1
2
tan−1
 sin(2α)r2
r1
+ cos(2α)
 (2.69)
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Figure 2.22: Contact ellipse geometry [112].
Normal contact
Considering the xy plane in Figure 2.22, the hertzian pressure distribution is
p(x, y) = p0
√
1− x
2
a2
− y
2
b2
(2.70)
The maximum pressure p0 is given by
p0 =
3P
piab
(2.71)
with P the value of the normal contact force.
Tangential contact
The expressions of the stresses linked to tangential contact depend on the slip conditions
between the two bodies in contact. When gross slip occurs, the tangential stress τc on the
contact surface is expected to be proportional to the value of the normal pressure (2.70):
τ slipc = q0
√
1−
(x
a
)2
−
(y
b
)2
(2.72)
where q0 = µp0.
When the total tangential force is not sufficient to cause gross slip, the situation is more
complicated. The problem was first studied when the two bodies are essentially at rest by
Cattaneo [14]. In this case there is a central region, which in absence of rolling is homothetic
with the contact patch, where slip does not occur, while in the surrounding region microslips
take place.
In the microslip region, the tangential stresses on the surface are given by (2.72), whilst in
the no-slip zone one has to add a reverse stress distribution:
τ stickc = τ
slip
c −
(
1− Q
µP
)1/3
q0
√
1−
( x
a′
)2
−
( y
b′
)2
(2.73)
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where P and Q are normal and tangential load respectively and
a′
a
=
b′
b
= 1− P
Q
The problem of rolling contact has been first studied in [69] and [92]. In this case the stick
zone is no more homothetic with the contact patch and a considerable amount of additional
calculations is necessary. Moreover, superposition may be used to represent the stick area,
but since its shape differs from an ellipse the final solution will be inexact. [157] presents the
result for the general case of elliptic contact patch.
Figure 2.23: Orientation of tangential contact stresses [134].
In the absence of rolling, considering that shearing takes place in x direction (Fig. 2.23) the
stress resultants are given in [134].
2.4.3 Validity of elastic contact
The analytical solutions for contact are obtained in the hypothesis of isotropic elastic material
behavior. However, in the presence of high contact stresses the materials may in general
exhibit plastic deformations. In this case, the contact area and the surface stress distribution
changes with respect to the analytical prediction. Kapoor [75] and Johnson [70] suggest an
increase of contact area if the residual stresses are not sufficient for attaining the elastic
shakedown regime.
The increase in the contact area has been observed by Siegert [139], who carried out tension-
bending tests on wire rope samples. This increase concerns mostly the line contact between
the first wire layer and the central wire and the trellis contact positions where relative dis-
placements are larger.
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In [96] fretting wear is analyzed numerically. The results show that initially the contact
stresses are very close to the ones predicted by Hertz’s theory. Conversely with the onset
of wear, the contact area increases and the peak contact pressure decreases dramatically to
about 40% of the initial peak Hertzian value.
In general, we can therefore state that the hertzian solution loses progressively its validity with
the onset of wear, which causes an increase on the contact area and a consequent reduction
of the contact stresses. Therefore, it should be pointed out that the hertzian approximation
is conservative.
2.5 Conclusion
The main features regarding spiral strand wire ropes, used for permanent mooring applica-
tions, have been presented in this chapter.
Some key elements concerning the helix kinematics have been given. In particular, the
introduction of the reference cylinder concept (Sec. 2.2.2) will be useful for analyzing the
performance of the numerical models in Chapters 6-8.
The main results from the literature concerning spiral strand have been reported in Section
2.3, with particular emphasis on tension and bending loading, on which we will focus our
attention in Part II. The key-point is that the mechanical behavior of wire ropes is strongly
related to the helical shape of the wires and to the inter-wire contact interactions. The results
of this part will be extensively used in Chapters 5, 6 and 8.
The analytical models for the description of wire contacts have been detailed in Section 2.4,
both considering line and trellis contacts. The limitations of these analytical models have
been also pointed out.
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Fatigue
In essence the process of fatigue in metals involves crack propagation from some stress con-
centrating defect, by mechanisms which involve local plasticity at the crack tip under the
influence of a fluctuating load. The result is that structural parts subjected to fluctuating
loads may fail under a nominal stress much weaker than that necessary to cause fracture in
a single application.
An enormous amount of papers is related to the study of fatigue. An extensive historical
analysis is performed for instance in [137].
3.1 Asymptotic behavior
Considering an elastoplastic material with isotropic hardening subjected to cyclic loading,
one can distinguish between three types of asymptotic behavior, represented in Figure 3.1.
1. Elastic shakedown: the material can experience some plastic strains in the first loading
cycles, but the asymptotic behavior is elastic. High-cycle fatigue may occur.
2. Plastic shakedown: in its asymptotic behavior the material goes through a closed plastic
strain loop. Low-cycle fatigue may occur.
3. Ratchetting : plastic strains continue to sum up, leading to a failure in few load cycles.
The static shakedown theorems [97, 81, 93] yield sufficient conditions for elastic shakedown.
However, these conditions requires to look for a residual stress field ρ∗ that satisfies the global
equilibrium with null applied forces. In practice, it is easier to verify if a “local” condition is
satisfied. Let us express a plasticity criterion as
g(σ − CεP )− k2(α) ≤ 0 (3.1)
with σ the stress tensor, C the hardening modulus, εP the plastic strain tensor, α a hardening
variable and k the elastic limit. A local condition for elastic shakedown consists in the
following requirements:
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Figure 3.1: Possible asymptotic behavior of a material subjected to cyclic loading [164]. εP
and W P represent respectively the plastic strain and the energy dissipated by plasticity.
(a) there exists a steady stress field σ∗ such that
g(σel(M, t)− σ∗(M)) < k2(αs) ∀M, t > T (3.2)
with M a point inside the material, t the time variable, σel the elastic stress field and αs
the biggest value reached by α and compatible with the small deformation hypothesis;
(b) the difference between the stress field σ∗ and a self-balanced stress field ρ∗ is a field of
the order of Cαs;
(c) M : (ρ∗ − ρ0) is small, with M the elastic compliance matrix and ρ0 an initial residual
stress field.
3.2 Uniaxial fatigue
The first studies on fatigue dealt with uniaxial fatigue, i.e. cases in which the stress state
can be expressed by a single number, that can be a tensile or a compression stress. The
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first uniaxial fatigue law was formulated by O. H. Basquin [5] using Wo¨hler’s stress data in
[163]. Basquin proposed a bi-logarithmic relationship between the stress amplitude S and
the number of cycles to failure N. These curves are known as Wo¨hler or S-N curves, which
are expressed as
N(S) = S−mK (3.3)
where N(S) is the number of cycles with zero mean and amplitude S leading to failure, while
m and K are material parameters to be determined by linear regression from experimental
data. The Goodman line, the Gerber parabola or the Soderberg line (Fig. 3.2) allow to take
into account the effect of non-zero mean stress by determining an effective alternating stress.
Figure 3.2: Comparison of Goodman, Gerber, and Soderberg models, relating the mean stress
to an equivalent stress amplitude [117].
The Palmgren-Miner law, or linear damage hypothesis, states that when there are different
stress magnitudes k in a spectrum, the total damage is given by
d =
∑
k
n(Sk)
N(sk)
(3.4)
where n and N are respectively the number of cycles in the spectrum and the number of
cycles to failure. This approach, which is largely used in the industry, neglects the influence
of the load sequence on the damage evolution.
When the load cycles are irregular, the rainflow algorithm can be used to switch from a
stochastic irregular tension process obtained from the analyses to a number of equivalent
stress cycles.
However, because of the contact interactions between the wires, a fatigue criterion based on
cyclic tension tests on steel wires is not suitable for wire ropes.
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3.3 Multiaxial and fretting fatigue
Most of the time, structural parts in real applications experience multiaxial stress states. In
particular cases very localized surface stresses (e.g. in fretting) are linked with the initial
stages of fatigue crack propagation.
Some criteria for multiaxial fatigue do not allow for a quantitative estimation of the fatigue
damage, but allow to distinguish among the load paths the ones that produce or do not
produce damage. In other words, they define in the space of stresses an endurance domain
such that if the loading stays inside this domain, the material would not experience fatigue.
It has to be noted that such approaches are therefore particularly conservative.
In the attempt of formulating a criterion for multiaxial fatigue, many studies focused on the
propagation phase of a fatigue crack, which occurs in a shear plane. Consequently, these
criteria are formulated in terms of shear and normal stresses associated to the choice of a
maximum shear plane.
Fretting fatigue can be considered as a particular type of multiaxial fatigue. It is defined
as the surface damage induced by small-amplitude oscillatory displacements between metal
components in contact. This damage can either be wear or crack nucleation, depending
on the prescribed forces or the displacements amplitude. Fretting fatigue mechanisms have
gradually been identified with help of fracture mechanics approaches [148, 149], showing that
the frictional forces on the contact surface play the dominant role both in crack initiation
and propagation stages [102].
Many research works focused on the fretting issue, both from an experimental [139] and
numerical [129] point of view. Experimentally, one may distinguish three regimes of fretting-
fatigue, according to the amount of relative displacement experienced by the surfaces in
contact (Fig. 3.3):
1. if the surfaces are always in stick state, no damage occurs (neither cracks nor wear);
2. in mixed stick-slip conditions, cracking can occur after a sufficient number of cycles;
3. in the case of gross slip, damage occurs in terms of wear, with the formation of debris
on the surfaces.
The results obtained by Siegert [139] in fretting tests of steel wires confirm that fatigue cracks
develop at small sliding regimes (Fig. 3.4).
In [159] and [158] the authors established a test methodology based on fretting maps (Fig.
3.5). These maps give the material response fretting map, in terms of no damage, crack
nucleation or wear, according to the running condition, i.e. the slip regime. These results
are very useful for a qualitative understanding of damage phenomena, but they cannot be
exploited for other fretting problems [26].
In [139, 170, 160, 18] experimental tests are run on steel wires, in order to characterize wear
and fretting. In [114] the influence of the aqueous environment on wear is analyzed.
In [26] is pointed out the high computational cost of fretting fatigue simulations. The direct
cyclic method is proposed, which is based on the large time incremental method and on
research of the solution in the space of periodic responses. The algorithm looks for mechanical
fields which are cyclic, i.e. which have the same value at the end and at the beginning of the
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Figure 3.3: Hysteretic behavior in the tangential force (Q) - slip (δ) diagram for fretting
cycles in three different regimes: a) elastic slip, b) partial slip and c) gross slip [98].
Figure 3.4: Results from fretting tests on steel wires (from [139]), in which δ represents the
amplitude of the tangential displacement and FC is the normal contact force.
loading cycle.
Since cracks propagate in mixed-mode conditions, their path are complex and also dependent
on the material microstructure, namely because of the presence of grain boundaries. By
considering the approach proposed by Siegert [139], one can estimate a crack critical crack
length by looking where a multiaxial fatigue criterion (in this case the one of Dang Van,
see Sec. 3.3.2) predicts the fatigue crack initiation. Then, the Extended Finite Element
Method (X-FEM) allows to simulate the fatigue crack propagation [138, 40]. In [3], the X-
FEM predictions of fretting fatigue crack growths are successfully compared to experimental
results.
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Figure 3.5: Fretting maps showing the variation in fretting fatigue life and fretting wear rate
with applied normal force N for a constant displacement amplitude [159].
3.3.1 Sines and Crossland criteria
The criteria by Sines [143] and Crossland [22] identify conditions for unlimited endurance,
i.e. they identify the endurance domain, and they can be easily implemented. The Sines
criterion is expressed as
Ia + aPm ≤ b (3.5)
where
-
Ia = 1
2
√
2
max
t1
{
max
t2
√
[s(t2)− s(t1)] : [s(t2)− s(t1)]
}
with s the deviatoric part of the stress tensor;
-
Pm = 1
2
[
max
t
P(t) + min
t
P(t)
]
with P the hydrostatic part of the stress tensor;
- a and b are material parameters linked to the endurance limits f and t obtained re-
spectively from repeated bending and alternate torsion tests.
The Crossland criterion is very similar to the previous one, since it reads
Ia + aPmax ≤ b (3.6)
where Pmax is the maximum value of hydrostatic pressure attained during the load cycle.
The parameters a and b are obtained from alternate bending and alternate torsion tests.
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3.3.2 Dang Van criterion
The criteria presented so far rely on macroscopic quantities. In materials composed by grains
distributed inside a matrix, experimental observations actually show that the fatigue crack
propagation involves mechanisms that start at the mesoscopic scale, with the comparison
of slip bands close to the most unfavorably oriented grains. For this reason, the criterion
proposed by Dang Van [25, 23, 24] involves the passage from macroscopic to mesoscopic
scales.
A representative elementary volume (REV) has first to be identified, in such a way that
statistically all the sizes, shapes and orientations of the grains are represented. In general,
the relationship which relies the macroscopic stress field at a point M , at the REV level, to
a point m, inside the REV, can be expressed as
σ(m, t) = A(M,m)Σ(M, t) + ρ(m, t) (3.7)
with σ and Σ respectively the mesoscopic and macroscopic stress fields, A is the so-called
localization tensor and ρ is the mesoscopic residual stress field.
By assuming that the grains and the matrix share the same elastic isotropic behavior, (3.7)
can be simplified as
σ(m, t) = Σ(M, t) + ρ(m, t) (3.8)
where ρ = −2µεP . It is considered that elastic shakedown happens before crack initiation.
This is expressed as
σ(t) = Σ(t) + ρ∗ (3.9)
with ρ∗ the mesoscopic residual stress field in the elastic shakedown phase, independent on
time.
The calculation of σ is done by computing separately its hydrostatic and deviatoric compo-
nents. The hydrostatic pressure can be easily determined as
p(t) =
1
3
tr(σ(t)) =
1
3
tr(Σ(t)) = P(t) (3.10)
For the deviatoric part dev(σ), the residual mesoscopic stress state ρ∗ has to be evaluated.
We have that according to the Mises plasticity function
f(σ,CεP ) =
√
1
2
[dev(σ)− CεP ] : [dev(σ)− CεP ]− k(α)
= 1√
2
‖dev(σ)− CεP‖ − k(α) (3.11)
there is adaptation if, at any point M ,
inf
σ1
sup
t
1√
2
‖dev(Σel(M, t)− dev(σ1))‖ < k(α) (3.12)
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Figure 3.6: Smallest hypersphere circumscribing the load path Ψ.
and therefore we have that dev(ρ∗) is the tensor σ1 such that
inf
σ1
sup
t
‖dev (Σel(M, t))− dev(σ1)‖ (3.13)
Geometrically, dev(ρ∗) is the opposed of the center of the smallest hypersphere that circum-
scribe the elastic stress path in the space of the macroscopic stress deviators (Fig. 3.6). Once
ρ∗ is determined, thanks to (3.9) the mesoscopic stress field σ is computed.
From the stress tensor one can compute the stress vector on an inclined facet of normal n
σ(n, t) = σ(t)n (3.14)
and the normal and shear stress components
σn(n, t) = σ(t) · n (3.15)
τ(n, t) =
√
‖σ‖2 − [σn(n, t)]2 (3.16)
Finally, the Dang Van criterion yields the condition for unlimited endurance
max
n
{max
t
τ(n, t) + aP(t)} ≤ b (3.17)
We can avoid the maximization with respect to the plane orientation given by n by assuming
that the maximum mesoscopic shear stress is given by the greatest difference of the principal
values of the mesoscopic stress deviator. Thus the condition (3.17) reads
max
t
{τ(t) + aP(t)} ≤ b (3.18)
The two constant a and b are material parameters, that identifies the line τ + aP = b which
defines the endurance domain (Fig. 3.7).
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Figure 3.7: Loading paths represented on Dang Van diagrams. On the left, the loading is
inside the endurance domain; on the right, a part of the load path is above the endurance
domain and therefore it would generate fatigue cracks in a sufficient number of cycles [94].
3.3.3 Smith-Watson-Topper (SWT) criterion
This criterion has been applied satisfactorily by many researchers for the prediction of crack
nucleation life and location in fretting fatigue loading conditions [150, 2].
The formulation of the SWT criterion starts from Basquin’s equation for high-cycle fatigue
and the Coffin-Manson’s equation for low-cycle fatigue, which are respectively(
∆εe
2
)
=
σ′f
E
(2Nf )
b (3.19)
(
∆εp
2
)
= ε′f (2Nf )
c (3.20)
in which σ′f and b are respectively the fatigue strength coefficient and exponent, ε
′
f and c are
respectively the fatigue ductility coefficient and exponent, 2Nf is the number of reversals to
failure (two per load cycle) and E is the Young Modulus. The parameters σ′f , b, ε
′
f and c are
known as strain-life constants and are determined from uniaxial fatigue tests.
The total strain can then be related to life through the following strain-life equation which
is simply the summation of (3.19) and (3.20):
∆εtot
2
=
σ′f
E
(2Nf )
b + ε′f (2Nf )
c (3.21)
However, this equation does not consider the effects of mean stress or strain on fatigue life.
Thus, Smith et al. [145] used Basquin’s formulation for the maximum stress and multiplied
it by (3.21) to obtain the SWT parameter, σmax∆εa:
SWT = σmax
∆εtot
2
=
(σ′f )
2
E
(2Nf )
2b + σ′fε
′
f (2Nf )
b+c (3.22)
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The SWT parameter thus considers both elastic (HCF) and plastic (LCF) strain components
and takes into account the effects of the mean stress.
Basically one has to find the global maximum SWT parameter, calculating the stress and
strain fields for the complete loading cycle at each different location in the component. It
is therefore assumed that crack nucleation occurs on the plane where the combination of
the range of strain normal to the plane and maximum stress normal to the plane is most
damaging. Then (3.22) is used to correlate the parameter to the life of the component. With
an irregular load cycle, one can sum up the single contributions by using the Palmgren-Miner
law.
3.3.4 Fatemi-Socie (FS) criterion
For situations where the cracks grow on planes of high shear strain, Fatemi and Socie [41]
suggested the fatigue parameter
FS =
∆γ
2
(
1 + α
σmax
σy
)
(3.23)
where ∆γ is the difference between maximum and minimum values of shear strain experienced
during the cycle, σmax is the maximum value of the stress normal to the chosen plane, σy is
the yield strength, and α is a constant which approaches unity at long lives and is reduced
at shorter lives. The ratio σy
α
is often very close to the value of σ′f .
Then an empirical equation fitted to the results of simple fully-reversed tests (this time under
pure shear) can be used to correlate the FS fatigue parameter with life, yielding:
∆γ
2
(
1 + α
σmax
σy
)
=
τ ′f
G
(2Nf )
b + γ′f (2Nf )
c (3.24)
where G is the shear modulus and τ ′f , γ
′
f , b and c are material constants.
3.4 Fatigue of wire ropes
In a mooring system, tension fluctuations induced by the movements of the floating structure
are the dominant source of fatigue stresses.
In a wire rope, due to the loose coupling between wires, complete failure of the rope requires
that many wires are broken in fairly close proximity. The fatigue of a single wire in the rope
is invariably more than a simple matter of fluctuating stress in the direction parallel to the
wire axis. There is usually some other process which exacerbates and accelerates the fatigue,
and which localizes at specific locations. This process might be fretting between wires, or be
linked to another degradation mechanism such as wear or corrosion. A study on the influence
of the environmental condition on the life of wire ropes is reported in [115], where the mutual
influence between corrosion and fretting fatigue is highlighted.
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3.4.1 Fatigue loading in the mooring system
Figure 3.8: Mooring line motions and types of fatigue loading for a catenary moored platform
[12].
In mooring lines, one can distinguish three types of fatigue loading [106] (Fig. 3.8).
(a) Tension-Tension (T-T) fatigue, which involves the whole line and consists in fluctuating
line tensions about the mean tension, due to platform movement. According to [12],
the Palmgren-Miner cumulative damage approach works well with wire ropes concerning
T-T fatigue.
(b) Bending-Tension (B-T) fatigue, primarily located in the zones in which the line are
subjected to a predetermined curvature (i.e. at the fairlead), consists in oscillation of
bending and tension. The B-T fatigue is not treated in this work, since it is preferred to
use chains instead of wire ropes at the fairleads.
(c) Free Bending-Tension (FB-T) fatigue, which is mainly the case of zone in proximity
of contact with the seafloor and in correspondence of additional masses or buoyancy
modules. It’s a change in unsupported rope curvature in phase with the fluctuating line
tension. In this case the radius of curvature varies since there are no sheaves, fairleads or
other formers. According to [127], free bending-tension fatigue problems may be a source
of concern with catenary moorings and in taut moorings for tethered buoyant platforms
Multi-scale modeling of the fatigue of mooring wire ropes
68 Chapter 3. Fatigue
where they originates from surge motions of the platform.
(d) Torsion fatigue, which occurs when cyclic tension generates a proportional cyclic torque
in the rope and the adjoining components do not have sufficient torsional stiffness to
prevent rotation. Life under these conditions is related to a combination of twist range
and tension range [16].
Practical and economic solutions lead to a need to understand and quantify interactions
between different modes of fatigue loading (simplistically: bending, tension and torsion)
which are traditionally separated in laboratory testing [15]. For instance, wire rope bending
generates a variation of the axial strain in the wire and fretting between the wires at contact
positions. In dealing with fretting fatigue, it should be noticed that the Palmgren-Miner
approach can be used only with SWT and FS criteria (Sec. 3.3.3-3.3.4).
3.4.2 Offshore regulations
During the design procedure, a designer has to consider several limit states, i.e. conditions
beyond which the structure is no more able to fulfill the design requirements. One of these
is the fatigue limit state.
As usual, to account for uncertainty in the design flowchart, a safety factor multiplying
the estimated damage is introduced for a given design configuration. From the knowledge
of reliable studies, the use of a specific fatigue safety factor γF for the mooring lines is
recommended in [30]. It has the role of covering the uncertainties in the fatigue analysis.
The design equation for the FLS is hence
1− dcγF ≥ 0 (3.25)
in which dc is the computed fatigue damage accumulated as a result of cyclic loading during
the design life time. The value of γF is established as follows:
γF = 5 if dF ≤ 0.8
γF = 5 + 3
(
dF − 0.8
0.2
)
if dF > 0.8
(3.26)
where dF is the adjacent fatigue damage ratio, which is the ratio between the characteristic
fatigue damage dc in two adjacent lines taken as the lower damage divided by the greater
damage. Note that a more elaborated approach is to compute the failure probability with
a reliability approach considering explicitly the uncertainties. In fact, safety factors can be
related to the distance in parameter space between the nominal configuration and the most
probable failure configuration.
The resistance against fatigue of a mooring line is normally given after fitting a distribution
of experimental fatigue test results, in terms of a T-N curve (tension range vs number of
cycles to failure) or alternately as S-N curve, with S for the stress range. In the latter case,
S is computed as T divided by a nominal area which is piD
2
4
for wire rope, with D the outer
diameter. The S-N curve gives the number of cycles to failure N versus the stress range S and
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it is based on fatigue tests. S-N curve that provides 97.7% probability of survival is specified
in the offshore standards [32].
In [30] the S-N fatigue law is given for different type of mooring, assuming that the rope will
not be affected by corrosion. It takes the form
Ncycles(S) = aDS
−m (3.27)
in which Ncycles is the number of cycles to failure, S is the stress range, while aD and m are
structural parameters defined in table 3.1.
Wire rope type m aD
Stranded rope 4.0 3.4 · 1014
Spiral strand 4.8 1.7 · 1017
Table 3.1: Coefficient for the S-N fatigue law (3.27) in [30].
In [33] a fatigue damage law for steel wire rope is provided, after tension-tension tests as the
following T-N curve:
Ncycles(T ) = KT
−m (3.28)
where m and K are structural parameters defined according to table 3.2, for a mean load
equal to 30% of the rope minimum breaking strength.
Wire rope type m K
six/multi-strand 4.09 231
spiral strand 5.05 166
Table 3.2: Coefficient for the T-N fatigue law (3.28) in [33].
To resume, one can note that offshore regulations consider only 1D stress variation tangent
to the rope axis (or tension) as indicator for the fatigue damage estimation.
3.4.3 Fatigue damage estimation
The mean fatigue damage per stress amplitude can be written as
D¯i =
∫ +∞
0
Di(s)pS(s)ds (3.29)
where Di is obtained from a specific fatigue law, s is the stress amplitude and pS is the
probability density of the stress amplitudes.
The total damage Dtot can then be obtained by summing up the mean damage D¯i over the
service life of the structure, taking into account the long-term distribution of the sea states
[140]. Its expression is hence
Dtot =
∫
θ¯
∫
Hs
∫
Tp
TL
Tmp(t, h, θ)
D¯i(t, h, θ)pTp|Hs(t | h)pHs(h)pθ¯(θ)dt dh dθ (3.30)
in which
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- pHs is the marginal probability density function of the significant wave height Hs;
- pTp|Hs is the conditional probability density function of the wave spectral period Tp,
given Hs;
- pθ¯ is the probability density function of the mean direction of wave propagation θ¯;
- TL is the total service life;
- Tmp is the mean period of a stress cycle within the sea state.
Note that the joint probability choice considered here is arbitrary and could be replaced by
another formulation depending on the metocean data available [147].
Since the long-term stochastic distribution of the sea state is defined by wave scatter diagrams
representing the discretized joint probability (see Sec. 1.1.1), the computation of the fatigue
damage is approximated by
Dtot ≈ T
NSS∑
i=1
d (Hsi, Tpi, γi, θi, ξi) psea(Hsi, Tpi, γi, θi) (3.31)
in which
- NSS is the number of sea states taken into account, i.e. the overall number of blocks
of the WSDs;
- Hs, Tp, γ, θ, ξ are the vectors collecting the NSS realizations of the stochastic vari-
ables associated to the sea state (to the ones already defined, are introduced also the
directions θ and the stochastic seeds ξ, see section 1.1.1);
- the function d calculates, for each sea state, the fatigue damage per unit time;
- psea is the probability of occurrence of the sea state, defined thanks to the values in the
blocks of WSDs;
- T is the total time.
The fatigue damage accumulation is based on the Palmgren-Miner law, hence neglecting
loading history effects. However, it is necessary to switch from a stochastic irregular tension
process obtained from the analyses to a number of equivalent stress cycles. The rainflow
technique [47] is currently considered as the most accurate approximation to do so [30] (Fig.
3.9). To take into account of the non-zero mean stress, the classical Goodman approach can
be used to compute an effective alternating stress. It is then possible to estimate the fatigue
damage per unit time for each block in the WSD:
d(Hsi, Tpi, γi, θi, ξi) =
1
Tanalysis
Namp∑
k=1
n(Rk)
N(Rk)
(3.32)
in which Namp is the number of stress amplitudes considered, Rk is the k-th stress amplitude,
n(Rk) is the number of stress cycles obtained exploiting the rainflow algorithm for the k-th
stress amplitude, N(Rk) is the number of stress cycles with k-th amplitude needed to break
the component and Tanalysis is the time of one analysis, which has to be chosen sufficiently
large in order to obtain the stationarity of the estimation (3.32). Note that this time should
also enable to satisfy the ergodicity (see section 1.1) thus avoiding a stochastic mean over
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ξ. In [107] a procedure is proposed in order to evaluate the standard deviation associated to
the fatigue damage estimation.
Figure 3.9: Illustration of the rainflow cycle counting method [47].
3.4.4 Specific criteria for wire ropes
An attempt to define a specific fatigue law for wire ropes which takes into account contact
stresses occurring at the wires level has been made by Knapp and Chiu [80]. They considered
only straight ropes subjected to tension fatigue. Diminished cable strength due to fatigue
is assumed to be solely a consequence of stress concentrations at cross-wire contact points
(interlayer contact). It is assumed that
• relative motion between wires in adjacent layers is negligible;
• the wire contact sites serve the same function in the process of crack development as a
notch or other geometric stress-raisers;
• the stress concentration factor can be evaluated at the mean value of applied fluctuating
tension;
• wire layers exert a uniform radial pressure on inner layers (i.e. there is a sufficiently
large number of equally spaced wires in each layer);
• wires within a layer do not make circumferential contact.
Hobbs and Smith [61] proposed a fatigue criterion for multilayer spiral strands formulated
from tension-bending test results, with the test configuration reported in Figure 3.10. The
authors proposed a criterion with a parameter based
• on the quantities θ and T related to the tension-bending test,
• the relation between bending and curvature, given by the calculation of a bending
stiffness (EI)eq.
The dimensionless parameter comes from the bending analysis at the beam ends of a clamped
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Figure 3.10: Tension-bending test configuration adopted in [61] for the determination of a
tension-bending fatigue criterion.
beam under tension:
M0√
Tu(EI)eq
= 1.1 tan(θ)
√
T
Tu
(3.33)
with M0 the bending moment at the clamped end and Tu the nominal breaking load. In
Figure 3.11 it is represented the relationship observed between the dimensionless parameter
and the number of bending cycles necessary to obtain the first wire break.
Figure 3.11: Experimental correlation between the dimensionless parameter and the number
of bending cycles to first wire break [61].
In [120] Raoof elaborates a criterion somehow similar to the macroscopic fretting fatigue
criteria proposed by Ruiz in [133]. It takes the effect of interwire fretting fully into account,
by making use of a ’contact stress-slip’ parameter. The parameter is expressed as
S =
σxU(x)
x
(3.34)
where
- σx is the maximum tensile stress linked to the tension in the wire and the contact
stresses, deduced from Hertz’s contact theory, computed at the limit of the contact
surface;
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- U is the sliding amplitude
- x is the distance between two contact points in the external layer.
The application of this criterion is shown in [123], exploiting test results reported in [152],
which were conducted for different rope diameters.
From the results obtained in [121] Raoof takes also into account the effect of the external
hydrostatic pressure. Its influence by the way seems to be negligible for water depths up to
100 meters.
3.5 Conclusion
The key features related to fatigue have been detailed in this chapter.
The multiaxial and fretting fatigue criteria among the most used in the literature have been
detailed in Section 3.3. It should be noted that the criteria in Sec. 3.3.1-3.3.2 are stress-based,
while the criteria in Sec. 3.3.3-3.3.4 are energy-based. However, a lack of some understanding
concerns the fretting fatigue mechanism, in which also the magnitude of the sliding between
the bodies is important (Fig. 3.4).
Section 3.4 deals specifically with the fatigue of wire ropes. The currently used fatigue
design rules and procedures concerning offshore mooring system have been detailed. They
rely on tension-tension fatigue test, not taking into account the wire contact interactions. The
fatigue criteria that have been formulated considering inter-wire fretting have been detailed
in Section 3.4.4.
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Contact modeling
Contact is a strongly nonlinear kind of boundary condition. Within the finite element frame-
work, different methods can be applied for an iterative solution of the nonlinear equation
system associated with the weak form of the contact problem. A fast and reliable method is
the Newton scheme, whose formulation relies on the linearization of the weak form.
In the present work, contact is involved both in the global model, where a part of the mooring
lines is in contact with the seabed, and in the wire rope model. In particular, contact modeling
represents the main issue for the simulation of wire rope mechanics. Because of the great
number of contact interactions that are involved, the numerical simulations tend to be very
time-consuming.
4.1 Basic concepts
In this section, the main features involving contact interactions are presented, by distinguish-
ing between normal contact, which basically consists in forces that prevent the penetration of
the bodies, and tangential (or frictional) contact, for which also forces resisting the relative
tangential movements develop at the contact interface.
4.1.1 Normal contact
In statics, the contact constraint is expressed by the so-called Hertz-Signorini-Moreau con-
dition. As done in [165], let us consider a point mass under gravitational load which is
supported by a spring (Fig. 4.1). The motion of the mass is restricted by the presence of a
rigid support, such that
gN(u) = h− u ≥ 0 (4.1)
where gN is the normal gap. Depending on the values of spring stiffness k and mass m,
the point mass contacts or not the rigid surface. If contact occurs, a reaction force appears;
in classical contact mechanics, we assume that the reaction force between rigid surface and
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Figure 4.1: Mass-spring system [165].
point mass is negative, hence the contact pressure can only be compression (Fig. 4.2). Hence,
the Hertz-Signorini-Moreau contact condition reads
gN ≥ 0, tN ≤ 0, tNgN = 0 (4.2)
Such conditions coincide with Kuhn-Tucker complementary conditions in the theory of op-
timization. Therefore the normal contact force as function of the normal gap is shown in
Figure 4.2.
Figure 4.2: Normal contact law respecting the Hertz-Signorini-Moreau conditions.
When enforcing contact in a dynamic problem, the finite element space, time-stepping scheme
and contact condition should be carefully chosen to ensure energy conservation and avoid
spurious oscillations [34]. Multiple strategy have been proposed. A first one, like in Abaqus R©,
is to add damping in the system to avoid dynamic instability [1]. This could be done by using
time-stepping dissipative scheme like the HHT (Hilber-Hughes-Taylor) one [34]. A second
option is to use a time-stepping which respects an impact law. Finally, we can also mention a
simplification which is to replace the Hertz-Signorini-Moreau condition by an approximation
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involving the velocity instead of the displacement. Assume that gN = 0 at a certain time
tc. Then, on a short time interval afterwards, gN ≈ (t− tc)g˙N . This motivates the following
contact condition in velocity [34]:
g˙N ≥ 0, tN ≤ 0, tN g˙N = 0 (4.3)
This condition can be interpreted as a first-order approximation (with respect to the time
variable) of the original contact condition (4.2). It is physically realistic for a short time
interval and for a vanishing initial gap between the bodies in contact [38].
4.1.2 Tangential contact
Friction basically consists in the development of forces which resist relative tangential motion
between two bodies in contact, mostly linked to the roughness of the body surfaces.
In general, in frictional contact one can distinguish between stick and slip states. In the first
situation, there is no relative movement among the bodies in contact, while in slip state the
magnitude of the frictional forces is not sufficient to prevent gross sliding. By denoting tT
the frictional force, a threshold function fs(tT , tN) can be defined such that
fs < 0 −→ stick
fs = 0 −→ slip
The simplest expression for fs is given by the Coulomb’s friction law, for which
fs = tT + µtN
where µ is a parameter called friction coefficient, whose value depends on the surface prop-
erties. The stick-slip behavior can then be written in the form of Kuhn-Tucker conditions
g˙T ≥ 0, fs ≤ 0, g˙Tfs = 0 (4.4)
Considering a constant normal force tN , in Figure 4.3 is reported the frictional force as
function of the tangential sliding gT .
4.2 Computational contact mechanics
Roughly, two steps can be distinguished in a contact algorithm: contact detection and res-
olution. The detection phase must determine which elements of the discretized solids are
going to penetrate. Resolution implies that
• in normal direction, penetration has to be avoided by applying repulsive forces to the
penetrating elements;
• in tangential direction, the frictional forces have to resist the sliding between the bodies.
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Figure 4.3: Friction force profile according to the Coulomb law.
Modeling contact in the Finite Element framework is usually a difficult task. Many different
aspects have to be taken into account in order to properly represent the physical phenomenon
to be modeled:
• geometrical discretization in the contact zone;
• contact detection;
• contact resolution;
• contact discretization;
• small or large sliding.
In the following, all the concepts will be presented considering quasi-static conditions, as
usually done in the literature.
4.2.1 Discretization of the contact zone
In some contact problems, the discretization of the contact zone becomes a key aspect. In
general, the finite element mesh it should be fine enough in order to correctly represent the
contact geometry, but avoiding too oblong elements.
If a master-slave approach is used, the mesh should avoid sharp corners on the master surface,
since this generates blind spots (Fig. 4.4) or use a smoothing procedure on the normal contact
direction before the contact detection.
4.2.2 Contact detection
In Computational Contact Mechanics we need to detect contact when any penetration oc-
curs. In many cases, the master-slave contact detection is used, which consists in checking
if the slave node/surface is penetrating the master body. In the detection phase of implicit
analyses contact elements are created (Fig. 4.5), including a slave node and several master
nodes united by a master surface. In case of Lagrange multiplier or coupled augmented
Lagrangian methods, contact elements contain also some additional degrees of freedom (La-
grange multipliers), one in case of frictionless contact and 2 or 3 in frictional case in 2D and
3D respectively. To keep track of stick-slip-stick behavior it is necessary to store also internal
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Figure 4.4: Blind spot generated by an edge on the master surface. In this case the closest
point projection for contact detection fails.
history variables [168].
Figure 4.5: Examples of multi-face contact elements in 2D and 3D, dashed lines connect
nodes of multi-face contact elements; triangles are slave nodes, while circles represent master
nodes [168].
First of all, contact detection has to be established by fixing the distance dmax: if a slave node
is closer than dmax to the master surface, this slave node is considered as possibly contacting
at current load step and a contact element has to be created. Usually the parameter dmax is
chosen accordingly to the master surface mesh and/or the maximal variation of displacement
of contacting surface nodes during one iteration/increment.
The definition of the closest point ρ∗ onto the master surface Γm for a given slave node rs is
the following:
ρ∗ ∈ Γm : ∀ρ ∈ Γm, | rs − ρ∗ |≤| rs − ρ | (4.5)
Expressing the master surface in a parametrized form ρ = φ(ξ), in order to detect the closest
point one has to minimize the functional
F (rs, ξ) =
1
2
(rs − φ(ξ))2 (4.6)
min
ξ∈[0,1]
(rs − φ(ξ))⇒ ξ∗ : ∀ξ ∈ [0, 1], | rs − φ(ξ∗) |≤| rs − φ(ξ) | (4.7)
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min
ξ∈[0,1]
(rs − φ(ξ))⇔ (rs − φ(ξ∗)) ·
dφ
dξ
|ξ∗= 0 (4.8)
It is important to notice that the normal direction of the master surface could not be always
defined. When the finite element method is used the master surface in many cases is not
smooth, only continuous, i.e. φ(ξ) ∈ C0(Γm). This could lead to convergence problems
and nonphysical oscillations, whose remedy could be the use of smoothing techniques (for
instance, surface smoothing with Bezier surface) [165].
4.2.3 Contact resolution
Let us consider two bodies Ω1 and Ω2 in contact along a portion of their boundary.
Let U be the set of kinematically admissible displacements. The continuous formulation of
the weak form of equilibrium equation with contact problems can be written as follows∫
Ω1∪Ω2
σ · δεdΩ−
∫
Ω1∪Ω2
fv · δudΩ−
∫
ΓN1 ∪ΓN2
f0 · δudΓ−
∫
ΓC
σCn · δgndΓ = 0 ∀δu ∈ U (4.9)
in which
- σ and ε are respectively the vector of internal stresses and strains;
- u is the displacement vector;
- fv and f0 are respectively the volume forces and the applied surface forces applied on
the Neumann boundary of the two bodies ΓN1 ∪ ΓN2 ;
- σCn are the contact stresses on the contact boundary Γ
C ;
- gn collects the relative displacements at the contact boundary.
There exists many methods for contact resolution, i.e. to evaluate the contact term∫
ΓC
σCn · gndΓ
Among them, the most used are the optimization methods, which are the following [165]:
• Penalty method,
• Lagrange multipliers method,
• Augmented Lagrangian method.
We just focus only on the Penalty method, which consists in defining a pressure-overclosure
relationship of the kind
tN = N(gN)gN (4.10)
where N is the normal penalty coefficient, which can be constant or can depend on gN so
as to smooth the nonlinearity in incipient contact situations. For instance, one can define a
normal contact force defined as
tN =

0 if gN > 0
N
−2preg g
2
N if −preg ≤ gN ≤ 0
N
(
gN +
preg
2
)
if gN < −preg
(4.11)
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so that the derivative of tN is always continuous.
The drawback of the penalty method is that the achieved solution is not exact, i.e. it
does not strictly respect the Signorini-Hertz-Moreau conditions, and depends on the penalty
coefficient, which has to be properly defined in order to avoid too large penetration (penalty
coefficient too small) or ill-conditioning of the global matrix (penalty coefficient too large).
The other two methods allow to obtain an exact solution, but they introduce additional
degrees of freedom, which increase the problem size or additional loops to solve the system.
In the tangential direction, the condition of no relative motion is approximated by a stiff
elastic behavior, such that
tT = T (gT )gT (4.12)
The tangential penalty coefficient can be constant or it can be chosen such that the relative
motion from the position of zero shear stress is bounded by a value gcritT , which represents
the elastic slip value:
T =
µ tN
gcritT
(4.13)
The same considerations drawn for the normal direction are valid for the tangential one as
well: the obtained solution is approximated in the sense that it does not strictly respect
the conditions (4.4). However, the elastic slip assumes a physical sense in tribology, since it
corresponds to the micro-slip associated to the elastic deformation of the contact asperities.
The normal friction coefficient between steel and steel is between 0.3 and 0.4, but there is a
lot of grease in the wire rope which acts as a lubricant. This reduces the friction coefficient,
which is therefore adjusted down to 0.12, as done for instance in [125].
4.2.4 Contact discretization
Node-to-node
Figure 4.6: Node-to-node algorithm: in this case the definition of the normals at master
nodes is defined as an average of the normals of adjacent segments [168].
This algorithm (Fig. 4.6) is the most simple one and passes the so-called Taylor’s test, which
is a patch test that requires that a uniform contact stress is correctly transmitted from one
contacting surface to another. It can be used only in small deformation and small slip regime,
and it requires conforming FE meshes. These conditions guarantee that contact pairs do not
change during the analysis.
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Figure 4.7: Schematic representation of a connector element in Abaqus R© [1].
In Abaqus R© this algorithm can be used by linking the contact pairs with connector elements
(Fig. 4.7).
Node-to-surface
The node-to-surface approach represents the most traditional algorithm for contact detection.
It adopts a so-called master/slave approach: contact conditions are established such that each
node on the slave surface (slave nodes) effectively interacts with a point of projection on the
master surface on the opposite side of the contact interface.
Figure 4.8: Node-to-surface contact element [165].
In 3D node-to-surface discretization the contact elements have ns + 1 nodes, with ns the
number of nodes of a master surface element (Fig. 4.8). By using the same notation, the gap
between the master surface and the slave node is given by
gN =
[
x2 − x1(ξ1, ξ2)
]
· n1 (4.14)
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in which x2 denotes the position of the slave node, x1 is the position of the closest point to
the slave node belonging to the master surface, n1 is the normal to the master surface at
position x1 and (ξ
1
, ξ
2
) are the convective coordinates of x1, i.e.
x1 =
4∑
i=1
Ni(ξ
1, ξ2)x1i (4.15)
with Ni the standard interpolation functions and x
1
i the nodal coordinates of the master
surface nodes.
When the master surface is not flat, the coordinates ξ(ξ
1
, ξ
2
) cannot be computed from a
closed form expression, but an iterative process has to be applied. The following nonlinear
system of equations for (ξ1, ξ2) has to be solved locally for each slave node x2:
[
x2 − x1(ξ)] · x1,α(ξ) =
[
x2 −
4∑
i=1
Ni(ξ)x
1
i
]
·
4∑
k=1
Nk,α(ξ)x
1
k = 0 (4.16)
Using as a starting value the solution for a flat surface, one can apply the Newton-Raphson
scheme to solve the system.
The only information needed for the slave surface is the location and surface area associated
with each node. The direction of the slave surface normal and slave surface curvature are not
relevant. Thus, the slave surface can be defined as a group of nodes (a node-based surface).
As a result, the slave nodes are not allowed to penetrate into the master surface. However,
the nodes of the master surface can, in principle, penetrate into the slave surface. Namely
this may happen if the slave surface is not refined enough with respect to the master one.
When a node-to-surface analysis with finite sliding is performed, in order to avoid convergence
problems Abaqus R©/Standard smooths automatically the master surface, since slave nodes
tend to get stuck at points where the master surface normals are discontinuous [1].
Since node-to-surface discretization simply resists penetrations of slave nodes into the master
surface, forces tend to concentrate at these slave nodes. This concentration could lead to
spikes and valleys in the distribution of pressure across the surface.
Surface-to-surface
The surface-to-surface contact algorithm is generally seen as an improvement with respect to
a node-to-surface approach. Namely, it improves numerical accuracy, produced by an integral
form of the contact constraint, and considerable robustness in large sliding applications results
from the non-local character of the formulation [86].
The so-called algorithm of Abaqus R©/Standard is a master/slave formulation with a contact
normal defined from the slave surface only. This property simplifies the linearization of
contact and friction terms for the Newton-Raphson iteration scheme. To our knowledge,
details on the integration scheme are not documented in [1], which limits the possibility to
fully characterize this algorithm from literature references.
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In the large sliding case, the contact occurs along incompatible mesh discretizations, which
causes important difficulties concerning robustness and accuracy of the numerical results.
Many strategies have been proposed to overcome these difficulties.
• In order to avoid a conflict in the contact and friction statuses, at the nodes and at the
integration points, the normal and tangential gap estimations have to be substituted by
averaged quantities interpolated from nodal values [95]. This point is a characteristic
of the Mortar methods [118, 119, 43].
• A key point of these algorithms comes from the difficulty to integrate master contri-
butions with polynomial terms which are not properly defined according to the slave
integration surface. To solve this problem, a first approach is to increase the integration
points [43]. Alternatively, an integration surface conforming to the two contacting sur-
faces can be determined at each iteration of the Newton scheme, which is very costly,
particularly in 3D [118, 119].
• Another possibility to gain in robustness and accuracy has been proposed with unbiased
algorithms [110, 136]. These algorithms sum up the contributions obtained by switching
the slave and master role of the two surfaces, with particular selection of the forces and
displacement to avoid the over-constrained locking.
• In any case, the classical finite element interpolations introduce a source of non-
robustness because of the difference between the position of a point and the real geome-
try. In the contact framework, functions ensuring the continuity of the derivatives (e.g.
NURBS) guarantee the continuity of the linearized momentum balance [28], which is
fundamental for the Newton-Raphson iterative scheme.
• Another source of lack of robustness comes from the discontinuities on the edges of the
solids in contact. This problem can be solved by dividing the integration domain in
sub-domains, but this increases the computational cost. The approach in [35] suggests
an alternative for the frictionless case, using the unbiased formulation of [136] in the
isogeometric Mortar framework and adding extended finite elements to capture the
discontinuity.
Beam-to-beam
Contact between beams has some specialties which are related to the description of the
beam as a one-dimensional curve in space. Consequently, the formulation of the kinematical
contact conditions is different [165]. The first algorithm for beam-to-beam contact have been
developed by Wriggers and Zavarise in [166]. Lately, in order to extend this into the frictional
case, in [169] the return-mapping algorithm is exploited. A generalization of this algorithm for
the case of rectangular cross sections is given in [90] and [91]. In [82] the contact kinematics,
the variational formulation and the constitutive relations for the contact forces are described
in the Frenet-Serret basis. It allows to include not only normal and tangential interactions,
but also rotational interaction between curves representing e.g. circular cross sections of
beams. In [36] contact between beam elements is modeled by using an intermediate geometry
to integrate contact contributions, as in a Mortar method which contributes to smooth the
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functional for Newton algorithm. In [103, 104] the authors formulate the contact kinematics
at the beam surfaces, whose points are identified by a set of convective coordinates. This
approach allows to take into account rotational interactions and to deal with beam elements
of arbitrary cross section.
Figure 4.9: Beams in potential pointwise contact interaction [169].
As done in [166], let us consider a situation of pointwise contact of beams having circular
cross sections (Fig. 4.9). The beam axes in the deformed configuration are described by the
parametric curves xξ(ξ) and xζ(ζ). In order to determine whether the beams are in contact
or not, one has to compute the minimum distance among them, regarding both parameters
ξ and ζ as variables:
d(ξ, ζ) = min
ξ,ζ
‖ xξ(ξ)− xζ(ζ) ‖=‖ xξ(ξ)− xζ(ζ) ‖=‖ xξ − xζ ‖ (4.17)
By denoting rξ and rζ the radii of the two contacting beams, we can introduce the gap
function
gN = d− (rξ + rζ) (4.18)
The minimum problem 4.17 is in general for arbitrary curves a nonlinear problem. The
minimum distance is computed from [165]
xξ(ξ)− xζ(ζ)
‖ xξ(ξ)− xζ(ζ) ‖ · x
ξ
,ξ(ξ) = 0
xξ(ξ)− xζ(ζ)
‖ xξ(ξ)− xζ(ζ) ‖ · x
ζ
,ζ(ζ) = 0
(4.19)
The solution can be obtained via the Newton-Raphson method by solving the incremental
system of equations[
xξ,ξ · xξ,ξ + (xξ − xζ) · xξ,ξξ −xξ,ξ · xζ,ζ
−xξ,ξ · xζ,ζ xζ,ζ · xζ,ζ + (xζ − xξ) · xζ,ζζ
]
·
[
∆ξ
∆ζ
]
= −
[
(xξ − xζ) · xξ,ξ
(xζ − xξ) · xζ,ζ
]
(4.20)
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In general, system (4.20) can have several or no solutions. In the case of straight beams,
system (4.19) reduces to two linear equations and can be solved directly. Once the solution
is known, the normal vector can be defined.
In tangential direction, an increment of slip in a time increment dt can be computed as [165]
dgξT =‖ dξ xξ,ξ ‖
dgζT =‖ dζ xζ,ζ ‖
(4.21)
For straight beams, the tangent vectors are constant and the slip can be computed exactly
as
gξT = [ξ(t)− ξ(t0)]lξ
gζT = [ζ(t)− ζ(t0)]lζ
(4.22)
in which lξ and lζ are the beam lengths, while t0 and t are the initial and final time respec-
tively.
Note that the sliding is considered only along the beam directions, and not along circumfer-
ential directions. Therefore this simplified approach can be used only in the case of small
beam cross sections.
In the case of parallel beams, the problem is completely different. A possibility is to verify if
contact occurs by taking a radial direction of one of the beams as the contact direction [1].
4.2.5 Finite vs small sliding
There are two tracking approaches to account for the relative motion of the two surfaces
forming a contact pair in mechanical contact simulations. Finite sliding is the most general
and allows any arbitrary motion of the surfaces. Small sliding assumes that although two
bodies may undergo large motions, there will be relatively little sliding of one surface along
the other.
If large sliding occurs, the contact geometry changes significantly through computation and
detection is required almost at each time step. As a consequence, in large deformation
and large sliding problems the contact detection is one of the major computational costs
[168]. More importantly, this change introduces strong non-linearity with the contact and
the friction statuses which may result in failure of convergence of the Newton algorithm.
It is therefore fundamental to understand if the small sliding approach can be considered
when modeling a contact phenomenon. The small sliding formulation would in fact allow
to save computational time, since the contact detection would be performed just at the
beginning of the analysis, with fixed contact pairs throughout the analysis.
4.3 Conclusion
Contact modeling is a key aspect for the proper modeling of the mechanical behavior of
wire ropes. In this chapter, the main features and numerical techniques used to represent
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this strongly nonlinear phenomenon have been presented, by subdividing a general contact
algorithm in different stages.
In particular, we focused our attention on the contact modeling between beam elements and
on the differences between a general finite-sliding contact algorithm and the ones exploiting a
small-sliding assumption. It is clear that in the latter case the problem is simplified and the
amount of computation can be strongly reduced. This aspect should be therefore carefully
investigated, since it could be a way to speed-up the computation of the detailed mechanical
response of a wire rope. Nevertheless, the validity of the small sliding assumption has to be
assessed by comparison with a finite-sliding contact algorithm.
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Global Model
The global model of the FOWT allows to obtain the mechanical response of the mooring lines
for each sea state to which the structure may be subjected during the structural lifespan.
Initially, the chosen case study will be presented. Then, the computational steps performed
by DeeplinesTM will be briefly described. Finally, the obtained results will be shown.
5.1 Presentation of the case study
The case study of this work is represented in Figure 5.1. It consists of a 3.6MW turbine,
whose hub at 71.8m height, and which has been downsized from the NREL 5 MW [73]. The
floater is an evolution of the hybrid spar-barge from the design presented in [116]. The sea
depth is uniform and equal to 100m.
5.1.1 Design of the mooring system
The mooring system has been designed with respect to the ultimate limit state, i.e. with a
sea state having a return period of 50 years. The following requirements have to be fulfilled:
• no compression in any part of the mooring lines;
• the angle described by the vertical direction and the head of the mooring lines is never
lower than 10◦;
• the wire rope parts must not touch the seabed at any time (only chains can effectively
resist abrasion).
The wire rope profile that has been chosen (Fig. 5.2) enables the structure to respect these
three criteria and resists the highest tension obtained in the extreme loading simulation. It
is a six-layer steel wire rope, whose diameter is 60.4mm. The layers have alternate lay angle
directions and are composed of 5, 11, 17, 23, 29 and 35 wires from the inner to the outer.
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(a) Side view (b) Top view
Figure 5.1: a) Global scale model representation in DeeplinesTM; b) top view of the global
model, representing the mooring line numbering and their with respect to the wind direction
(which is collinear to the direction of propagation of the waves).
Figure 5.2: The cross section of the chosen wire rope profile.
5.1.2 Mooring system
The mooring lines are catenary-shaped and attached to the floater in three pairs. The bisector
of the horizontal projection of each pair is equally spaced with respect to the others, so that
the angle between two of them is of 120◦. The lines are composed by three segments, whose
lengths are reported in Table 5.1.
On each mooring line are positioned six additional masses of 2 tons, starting at a distance
of 60m from the floater with a spacing of 4m. Their presence limit the floater movements
Multi-scale modeling of the fatigue of mooring wire ropes
90 Chapter 5. Global Model
Segment Length (m)
Chain 30.0
Wire rope 20.0
Wire rope with add. mass 40.0
Wire rope 100.0
Chain 382.0
Table 5.1: Mooring line composition.
and keep the lines in tension. The additional masses are modeled by using beam elements
with an increased linear mass, since lumped masses would artificially increase the curvature
in that zone.
Mooring lines modeling
The shape of the lines is catenary. An advantage of this configuration with respect to tension
legs (see Fig. 1.4c) consists in the possibility to use cheaper anchors, because they are
subjected to lower tension, thanks to the heavy chains resting on the seafloor. Its initial
shape is given by:
z(u) = a cosh
(
u− uc
a
)
− a− wd (5.1)
in which
- (u, z) are respectively the horizontal and vertical coordinates, with u = 0 corresponding
to the center of the floater while z = 0 is the position of the sea level;
- uc is the horizontal distance between the center of the floater and the point in which
the rope touches the seabed;
- wd is the water depth;
- a is a parameter which depends on uc, wd and the position of the fairlead, that gives
the starting position of the catenary (uh, zh).
The parameter a can be obtained by exploiting the boundary condition z(uh) = zh and
by using the Newton-Raphson procedure. It is then possible to compute the length of the
catenary, according to the expression
l(u) ≈
∫ u
uh
√
1 + [z′(u)]2du = a
[
sinh
(
u− uc
a
)
− sinh
(
uh − uc
a
)]
(5.2)
By replacing u = uc in (5.2), one obtains
l(uc) = −a sinh
(
uh − uc
a
)
(5.3)
As one can see, the initial shape of the catenary is independent from the total radius, i.e.
the horizontal distance between the center of the floater and the anchor.
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Wire ropes are modeled by beam elements, whose formulation takes large rotations and
displacements into account [68]. Besides the axial and bending stiffness, these elements take
into account also the torsional stiffness and the shear deformability. However, axial, bending
and torsional behavior are fully uncoupled, which is not the case for wire ropes. Chains have
no bending stiffness and are therefore modeled by bar elements. In Table 5.2 are reported
the chracteristics of the mooring components. The bending stiffness of the wire orpe will be
detailed in Sec. 5.1.4.
Both ends of each line are restrained by connections of type pin.
In order to compute the Morison drag forces, DeeplinesTM requires in the input phase the
diameter of the line portions and other four parameters, namely the drag coefficients and
the inertia coefficients, both in axial and normal directions. Their values for wire ropes and
chains is reported in Table 5.3.
Component EA (MN) GJ (Nm2/rad) Lin. mass (kg/m)
Chain 5.59 / 131.0
Wire rope 3.35 1.e+ 6 16.95
Table 5.2: Axial and torsional stiffness associated to the mooring line components.
Component Cd// Cd⊥ Cm// Cm⊥
Chain 1.15 2.4 1.5 2.
Wire rope 0.4 1.4 1.2 2.
Table 5.3: Hydrodynamic coefficients chosen for the line components. Cd represents the
drag coefficients, while Cm denotes the inertia coefficients. The symbols // and ⊥ denote
respectively the directions parallel and normal to the axial direction of the line.
The modeling of contact between mooring line and seabed is based on a penalty method
detailed in [44] and no friction is assumed.
5.1.3 Environmental loading
The aerodynamic modeling of the wind turbine, which can be for instance performed in
DeeplinesWindTM, is out of the scope of the thesis. Therefore, for the sake of simplification
a steady-state wind assumed collinear to the swell will be considered in the analyses, with
constant velocity Vwind. It acts on the out-of-sea part of the structure and its action is
modeled by the introduction of a couple of forces, on the tower and on the nacelle. In the
operational regime, i.e. when the turbine rotates, a moment on the nacelle is added.
The turbine operates differently according to the value of wind speed. In particular, one can
consider three different intervals.
1. Vwind ≤ vinm/s: it is a shutdown case, since the wind speed is not sufficient to produce
an effective rotation of the blades. Furthermore, at low wind speeds turbulence is
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usually not negligible and can generate stress fluctuations in the blades, affecting their
fatigue life. vin is called cut-in speed, and it is usually equal to 3m/s.
2. vin ≤ Vwind ≤ vout: it is the operational regime, in which the turbine rotates and the
generator produces electricity.
3. Vwind ≥ vout: the rotation of the blades is mechanically stopped by a brake system to
prevent damaging. vout is called cut-out speed, and it is usually set to 25m/s.
In shutdown cases, the thrusts are computed according to Morison’s equation, considering
the body as fixed. In the operational case the values of these solicitations are determined
according to aerodynamic computations, whose results are reported in Figure 5.3.
Figure 5.3: Thrust and torque on the rotor as function of the wind speed. These results have
been obtained by means of the software DeeplinesWindTM.
In the range from 3 to 12m/s, the rotor speed increases. At 12m/s the power output
reaches the limit that the electrical generator is capable of produce. This limit is called rated
power output and the wind speed at which it is reached is called the rated wind speed. At
higher wind speeds, the design of the turbine is arranged to limit the power to this maximum
level and there is no further rise in the rotor speed. For large turbines, as the one installed
offshore, this is achieved by adjusting the blade angles (pitching) so as to keep the rotor
speed constant. Consequently, in Figure 5.3 one can see that at the rated wind speed the
rotor torque reaches its plateau and the thrust is the maximum one.
For what concerns the sea waves, they are modeled as superposition of harmonic components,
whose amplitude is defined according to a JONSWAP spectrum (Fig. 1.1) which is different
for each sea state reported in the Wave Scatter Diagram (Fig. 1.2). The computation of the
wave forces on the floater is associated to linear hydrodynamics (Fig. 1.7) and is computed
thanks to transfer functions. These functions are already available since they have been
computed for the chosen floater design by means of the software DiodoreTM.
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5.1.4 Bending behavior
While the axial stiffness is a parameter defined in wire rope catalogs for each profile, the
bending stiffness, being strongly nonlinear and dependent on tension, is conversely never
defined.
Figure 5.4: Simplified analytical bending diagram of a 60.4mm spiral strand wire rope for
different values of rope axial strain.
The bending behavior of wire rope has been explained in section 2.3.2. Following the analyti-
cal developments in [111], a simplified multilinear moment-curvature diagram can be defined
for a certain value of applied tension (Fig. 5.4). However, in DeeplinesTM it is not possible to
implement exactly this kind of bending behavior. Therefore the nonlinear bending behavior
is implemented by fitting a bending curve with constant tension (Fig. 5.5).
Figure 5.5: Hysteretic bending behavior implemented in DeeplinesTM, which has been ob-
tained by fitting the bending behavior for ε = 0.5h.
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(a) Tension (b) Curvature
Figure 5.6: Difference of time domain evolution of tension and curvature obtained with
EI = EImax and the nonlinear bending behavior of Fig. 5.5, for an extreme sea state (Fig.
5.7). These plots are referred to the section most subjected to bending of the lines, which is
at s = 79m.
Figure 5.7: Wave elevation of the extreme sea state, with the highest wave hitting the floating
system at t = 750 s.
Analyses with an extreme sea state (representative of the Ultimate Limit State condition)
have been conducted by choosing either a constant bending stiffness EI = EImax, i.e. con-
sidering the wires completely adherent on each other, or the nonlinear bending stiffness of
Fig. 5.5. EImax is the initial slope of the bending diagrams in Fig. 5.4.
Figure 5.6 reports the obtained differences in tension and curvature time series for all the
lines, for the portion at the bottom of the zone with the additional masses (i.e. where the
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amplitude of curvature variation is the highest). It can been seen that the bending behavior
does not have a considerable influence on the mooring tension and curvature. The value of the
tensile force are almost identical. For the curvature, one can see the distributions are affected
by an offset, indeed very low, but which is actually not important in fatigue estimations, in
which what matters is the amplitude of the oscillations. The largest difference of curvature is
found for the mooring lines 1 and 2, i.e. the leeward lines (see Fig. 1.9-5.1b). In particular,
this difference is associated to the moment when the biggest waves hit the floater (Fig. 5.7).
However, a fatigue analysis is conducted on the whole set of possible sea states occurring
during the structural lifespan (see Sec. 3.4.3). Since such extreme wave conditions are very
rare, they have a negligible influence on the final fatigue damage estimation (i.e. psea in
(3.31) is extremely low). We can therefore assess that the bending stiffness plays a minor
role in a fatigue analysis. This results justifies the use of a top-down approach, since the
results of the global model do not depend on the local wire rope model.
In order to limit the nonlinearity of the global model, and consequently enhance the conver-
gence, it has been chosen to perform the analysis of the wave scatter diagram of Figure 1.2
with a constant bending stiffness.
5.1.5 Analysis steps
The analyses in DeeplinesTM are basically subdivided in two parts.
Firstly, a static analysis computes the system response when subjected to wind load, hydro-
static forces and drift from the sea, which is computed as
fdrift = 2
∫ +∞
0
SJ(ω)H
−
2 (ω, ω)dω (5.4)
where SJ is the JONSWAP spectrum (section 1.1.1) and H
−
2 is the Quadratic Transfer
Function of the second order wave forces in mode difference [99]. Because of the non-linear
behavior of the system, these forces are incremented linearly over a user-defined number of
steps.
The action of the sea waves is added in the second analysis step, which is a dynamic cal-
culation that can be tackled by time domain or frequency domain computation. Frequency
domain computations have the advantage to be much faster, but it has been observed that
they may be used only for low-intensity sea states. For severe sea states they yield completely
different results with respect to time domain ones, mostly for what concerns the wire rope
curvature. This limitation is mainly due to contact changes between lines and seabed in time
domain, whereas in frequency domain, since all the nonlinearities are eliminated, the line is
stuck on the seabed at the initial contact zones.
The time integration is performed with the Newmark scheme [105], using γ = 0.6 and β = 0.3.
These coefficients have been recommended by Principia after studies fitting them to the
damping observed in wave-basin tests.
At the beginning of the dynamic analysis, the dynamic loading (i.e. the sea waves in this
case study) is increased smoothly until reaching the specified amplitude in a user-defined
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time interval, of 50 s in our case. Since the total analysis time is 1000 s, the time series of
line curvature and tension are 950 s long.
5.2 WSD analysis
An industrial design should consider thousands of simulations to sample the joint probability
of swell and wind, and possible non alignment of these with the turbine. This task is out
of the scope of this thesis. We simplify the loading cases by considering only collinear swell
and waves with an aligned turbine, and reduce the sea states to the 153 ones of the Wave
Scatter Diagram of Figure 1.2. Also, the results presented are computed with the wind
thrusts corresponding to a non operating turbine with a reference wind speed of 42.5m/s.
Segment Nele Lele (m)
Chain-1 4 7.5
Wire rope-1 2 10.0
Wire rope-2 20 2.0
Wire rope-3 8 12.5
Chain-2 30 5.33
Chain-3 20 11.1
Table 5.4: Global model discretization.
(a) Minimum value (b) Maximum value
Figure 5.8: Envelops of tension for the mooring line ’1’ (see Fig. 5.1b) of the converged
analyses. The high gradient is caused by the presence of the additional masses. When the
line rests on the seabed, the tension is constant since the contact is modeled as frictionless.
The chosen mooring line discretization is reported in table 5.4. The calculation time have
been of about 50 hours, using a Intel R© Xeon R© CPU E5-1620 v3 @ 3.50GHz, with 8 logical
processors.
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(a) Minimum value (b) Maximum value
Figure 5.9: Envelops of curvature for the mooring line ’1’ (see Fig. 5.1b) of the converged
analyses. The higher values of curvature are located in correspondence of the additional
masses.
The results in terms of tension and curvature envelops are reported in Figures 5.8-5.9. The
envelops gather the minimum and maximum values of the correspondent quantity at each
position along the line. Note that the curvature in the chain zone is null because they are
modeled with bar elements, which do not consider curvature for the determination of the
mechanical response.
Since the fatigue is determined by stress fluctuations and mean values, from these results we
identify two critical zones:
I) the top part of the wire rope, which is subjected to the highest mean tension;
II) the zone in correspondence of the additional masses, which is subjected to a high tension
range and the higher range of curvature variation (this is the zone which may suffer
free-bending fatigue).
5.3 Conclusion
From the results of this chapter, the wire rope profile which will be analyzed by the local
model has been chosen. From the analysis of the wave scatter diagram, critical zones for
fatigue have been identified. They are located at the top of the line, where the mean tension
is the highest, and the limit with the bottom part of the zone with the additional masses,
which is characterized by the largest variations of curvature.
It has been proved that a nonlinear bending behavior, representative of the one of the real
rope for a given tension, does not have much influence on the tension and curvature time
series, at a given critical location. This will justify the use of a top-down scheme, i.e. the
results of the global model do not depend on what happens locally on the wire rope.
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Towards a simplified wire rope model
As discussed in Section 2.3.5, wire rope models with beam elements for each wire reduce sig-
nificantly the CPU cost when compared to 3D models, while they provide a correct estimate
of the wire kinematics. We consider this simplification in the following. The subsequent step
concerned the choice of the contact and friction modeling.
6.1 Tested models
A large panel of possibilities available within Abaqus R©/Standard (implicit scheme) for mod-
eling contact between beam elements has been tested. Initially, the edge-to-edge contact
algorithm has been used (Sec. 6.1.1). Then, another model has been created, in which sur-
face elements are introduced in order to track the wire surfaces (Sec. 6.1.2). Finally, a new
mesh generation strategy has been developed, allowing for the use of a node-to-node contact
discretization (Sec. 6.1.3).
Two benchmark tests, detailed in Section 6.2.1, have been conceived in order to assess the
capability of three models in the simulation of the frictional contact interactions between
wires.
6.1.1 Edge-to-edge model
The edge-to-edge contact algorithm implemented in Abaqus R© models contact between beam
elements having a circular cross-section. According to the beam configuration, it employs
one of the following formulations.
• The formulation named cross is used in the case of non-parallel beams, where the
contact normal is defined as the normalized cross product between the beam tangents.
This occurs for the contact between wires in different layers.
• The formulation named radial deals with parallel beams, with the contact normal
defined as the radial direction of one of the beams. This type of contact occurs between
adjacent wires in a same layer.
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The two formulations allow therefore to deal with all the contacts involved within a wire
rope, but some issues in the use of this approach have been observed:
- the results in benchmark tests that will be detailed in Sec. 6.2 are not in agreement
with the analytical ones,
- we have not found the way to retrieve separately different contact contributions when a
beam element is simultaneously in contact with several beam elements (post-processing
problem),
- the computational cost in modeling a multilayer wire rope is too high,
- it neglects the rotational interactions between the beams.
The latter point means that only the translations are taken into account for the determination
of the sliding between the beams. As a consequence, rolling interactions are not considered.
Moreover, the tangential forces which actually act in correspondence of the beam surfaces
are directly applied to the beam nodes without any additional moment (see Fig. 8.39).
Accounting for these moments is actually crucial for the analysis of spiral stands.
6.1.2 Model with surface elements
Because of the problems encountered with the edge-to-edge algorithm, another numerical
model has been developed. It is based on the introduction of surface elements in correspon-
dence of the wire surfaces. In each beam section, the nodes of these elements are linked to the
beam nodes via MPC (multi-point constraints) of type beam [1]. From a kinematical point
view, this means to link the surface nodes to the beam nodes by rigid rods, that follow the
rotation of the master (beam) node (Fig. 6.1). The degrees of freedom of the slave (surface)
nodes are therefore expressed as function of the correspondent master node and disappear
from the equilibrium system. The kinematics of the resulting model is thus very similar to
the rigid section kinematics of the classical Euler-Bernoulli beam theory.
The contact elements are associated to the surface elements. Therefore it is possible to use a
node-to-surface or a surface-to-surface contact discretization. However, the use of latter one
is suggested in [1].
The results obtained with this type of model are in agreement with the analytical ones. This
model takes also into account the rotational interactions between the beams, i.e. twisting
and rolling. However, it cannot be considered the proper model for wire rope analysis, since
- it is computationally very expensive,
- the geometry of the curved wire surfaces cannot be properly modeled by linear surface
elements,
- convergence is generally obtained with lower penalty coefficients with respect to the
other algorithms.
6.1.3 Model with connector elements
From the conclusions drawn for the previous model, it has been clear that another type of
contact modeling needed to be investigated.
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Figure 6.1: Each node of the surface element is linked to the beam nodes by rigid rods, here
represented in red, which follow the degrees of freedom of the beam node.
Within Abaqus R©, another type of contact modeling is offered, with the use of connector
elements (Fig. 4.7), i.e. of a node-to-node contact discretization. Hence a new model has
been developed, employing connector elements placed at nodes which are in contact in the
initial configuration. This approach can be used only in the case of small sliding, since the
contact pairing is determined once for all from the undeformed model configuration, avoiding
the need to determine potential contacting nodes during the course of the analysis.
A python script is used for the generation of the model input file. The nodes of the finite
element mesh are placed in correspondence of the initial contact points at each wire, which
can be determined by straightforward geometric operations. In particular, (2.46) is used
determining the uniform contact spacing along the helical wires at the interface between
the adjacent layer. Then other nodes are placed, according to the maximum element length
chosen by the user.
For the modeling of line contact between the central wire and the first layer, the node
distribution along the wires should be uniform, since in this way a uniform nodal penetration
generates a uniform line pressure in the penalty method framework.
In normal direction, defined as the direction connecting the two nodes, an asymmetric elastic
law is assigned to the connector elements. A constant non-zero penalty stiffness is defined
for negative relative normal displacement to resist penetration, while for relative opening the
stiffness is set to zero (i.e. no adhesion). For the tangential behavior, the user can define
basically any type of frictional interaction.
There exists different types of contact elements, according to the forces and moments that can
be transferred between the nodes and to the update of the directions in which its behavior is
specified (in our case, these are the contact directions). After some numerical tests, the best
connector type for our application was the so-called cartesian: it can transfer just contact
forces (no moments) and it updates the contact directions by following the rotational degrees
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of freedom of one node (i.e. it employs a master-slave approach).
The forces transmitted by the connector depend on the relative motion of the two nodes.
By denoting a the master node and b the slave node, the components of relative motion are
defined as
ux = ea1 · (xb − xa)− x0, uy = ea2 · (xb − xa)− y0, uz = ea3 · (xb − xa)− z0
in which
- x0, y0 and z0 the initial coordinates of node b relative to the local coordinate system at
node a,
- xa and xb are the position vectors respectively of node a and b,
- ea1, e
a
2, e
a
3 are the three directions in which the connector behavior is specified.
Figure 6.2: Simplified model for the sliding estimation in the mooring line.
It should be mentioned that in other connector types moments can also be transferred.
However, their magnitude would be wrong, since they would be determined by considering
as moment arm the distance between the nodes (i.e. between the beam axes) and not between
the beam surface and the respective beam axis.
In order to investigate if the small sliding hypothesis was feasible for the case study described
in Chapter 5, a simplified model of the wire rope has been considered (Fig. 6.2). It consists
of applying constant tension and curvature to the central wire, within a range relevant to
mooring line application to a rope portion, in which:
• the first four wire layers are substituted by a single wire, whose radius is
r = rc + 2
4∑
i=1
ri
with rc the radius of the central wire and ri the radius of the wires in the i-th layer;
• all the wires in the fifth layer, which is the penultimate of the real rope, are modeled
and are in line contact with the central wire;
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• only one wire is introduced for the last layer, whose end positions are at outer and
inner arc;
• the end nodes of the helical wires are kinematically coupled to the respective end node
of the central wire in order to have a plane section kinematics, hence representing
correctly the kinematics of the outer wire (see Sec. 9.1.1).
This simplified model has been used to estimate the interlayer sliding in the tension-curvature
range of interest for our case study. The small sliding approach has been validated (Fig. 6.3).
Figure 6.3: Interwire slip evaluated for the external helix in Figure 6.2, with ε = 1.e− 3 and
κ = 1.3e− 1m−1.
The results obtained with this model are in good agreement with the analytical ones (see
Sec. 6.2.2), pointing out the validity of the node-to-node contact strategy. The computational
cost is considerably lower with respect to any other model: this is linked to the fixed contact
pairing, which basically reduces to just few operations the contact detection phase (which
for curved beams is time-consuming, see Sec. 4.2.4).
Nevertheless, convergence issues have been observed when dealing with more complex prob-
lems, namely in the modeling of a multilayer wire rope in a tension-bending tests (see Sec.
8.4). The convergence is lost after some increment during the pure tension phase.
This problem is linked to the wrong update of the contact directions: since they are linked
to the rotations of the master node, the wire rotations can cause irrelevant rotations of the
contact normal (Fig. 6.4). This rotation may be also the reason of the sliding overestimation
shown in Figure 6.3.
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Figure 6.4: A rotation φ1 of the master node 1 around the beam tangent causes an irrelevant
rotation of the normal contact vector.
6.2 Rope benchmark tests
These benchmarks have been conceived in order to analyze the model capabilities to deal
with line and trellis contacts occurring in a wire rope.
6.2.1 Description
The two benchmarks are represented in Figure 6.5. The benchmark 1 consists of a helical
wire wrapped around the central wire. With this test one can analyze the capability of the
different models in dealing with line contact. The benchmark 2 is composed of a layer of six
helical wires and a single helical wire in contact with the layer underneath. The aim of this
benchmark is to compare the results when localized contacts are involved.
All the wires have the same properties, which are reported in Table 6.1, and the friction
coefficient is set to 0.5. The length of the models corresponds to two times the lay length
of the respective external helix, i.e. about 127.1mm for benchmark 1 and 254.2mm for
benchmark 2.
The ends of the helical wires are linked via a kinematic coupling to the degrees of freedom of
the end nodes of the central wire. In particular, a plane end section kinematics is imposed,
but the displacement and the rotation respectively in and around the radial direction are left
free. Since the ends of the most external wires are in outer-arc position, it should be pointed
out that these boundary conditions do not generate significant edge effects on these wires
(see Sec.9.1.1).
Multi-scale modeling of the fatigue of mooring wire ropes
104 Chapter 6. Towards a simplified wire rope model
(a) Benchmark 1
(b) Benchmark 2
Figure 6.5: Rope benchmarks: deformed configuration at load step 4.
Wire radius 2.15mm
Lay angle 12◦
Young Modulus 70GPa
Poisson Coefficient 0.3
Table 6.1: Properties of the wires in benchmark 1 and 2.
The kinematics of the central wire is completely controlled in order to obtain uniform axial
strain and curvature along the wire. The results in three different regimes will be analyzed:
1. pure tension (ε = 1.e− 3, kept constant during the subsequent steps),
2. bending with small curvature (stick state), in particular κ = 1.e − 6mm−1 for bench-
mark 1 and κ = 1.e− 5mm−1 for benchmark 2,
3. bending with high curvature (slip state), with κ = 1.e− 3mm−1 for both benchmarks.
In order to obtain results as close as possible to the analytical ones, the contact penalty
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stiffness in normal and tangential direction has to be as high as possible.
6.2.2 Results - benchmark 1
For this benchmark, the penalty parameters are the ones reported in Table 6.2.
N Elastic slip
Connectors 1.e+ 5N/mm 5.e− 4mm
Edge-to-Edge 1.e+ 5N/mm 1.e− 4mm
Surface-to-Surface 1.e+ 5N/mm2 1.e− 3mm
Table 6.2: Penalty coefficients, benchmark 1.
The axial strain comparisons are shown in Fig. 6.6. Concerning the surface-to-surface model,
the axial strain distributions are qualitatively in agreement with the analytical results, but
shifted downwards. This is linked to the reduction of the helical radius (see eq. (2.27)), which
is more important than in the other models. In particular, in the surface-to-surface case one
has approximately ∆R = −7.5e − 3mm, hence by using (2.27) one gets εi ≈ 8.81e − 4,
in accordance to what is shown in Figure 6.6a. With this simple calculation, it can be
appreciated the influence that ∆R may have on the numerical results, even if its magnitude
is relatively small.
The higher radius reduction in the surface-to-surface model is also a consequence of approx-
imating the cylindrical wire surface with planar surface elements. Moreover, this generates
the oscillations in the axial strain distributions in Fig. 6.6a-b.
The edge-to-edge model is not in agreement with the analytical results when bending is
involved (see Fig. 6.6b-c). The extreme values appear to be shifted. In particular, both in
stick and slip states the lowest values are located on the neutral plane, which is counter-
intuitive. Moreover, the amplitude of the axial strain oscillations is higher than the one in
the analytical solutions.
Conversely, the results obtained with the connectors are in very good agreement with the
analytical predictions.
6.2.3 Results - benchmark 2
The penalty parameters used for this benchmark are reported in Table 6.3. One may see that
the chosen contact stiffness is generally lower with respect to the previous benchmark (see
Tab. 6.2). In fact, the localized contact positions tend to give rise to numerical instabilities
and covergence difficulties at lower contact stiffness than in the line contact case.
In Fig. 6.7 the results obtained with three models are compared with the analytical ones. As
for the previous benchmark, the surface-to-surface model is qualitatively in agreement with
the analytical results, but its results are shifted downwards. Nevertheless, the axial strain
oscillations are lower because of the helical radius contraction.
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(a) Tension (b) Bending - stick
(c) Bending - slip
Figure 6.6: Benchmark 1: comparison between numerical and analytical results in different
regimes.
N Elastic slip
Connectors 1.e+ 5N/mm 5.e− 3mm
Edge-to-Edge 1.e+ 5N/mm 1.e− 4mm
Surface-to-Surface 1.e+ 4N/mm2 1.e− 2mm
Table 6.3: Penalty coefficients, benchmark 2.
• In stick state, one has to consider that the amplitude of these oscillations depends on
the distance from the central axis (see (2.41)).
• In slip state, one has to consider that at lower axial force correspond lower normal
contact force (eq. (2.44)),which reduces the friction forces, generating a lower gradient
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(a) Tension (b) Bending - stick
(c) Bending - slip
Figure 6.7: Benchmark 2: comparison between numerical and analytical results in different
regimes.
in the axial strain profile.
As it happened for the benchmark 1, the edge-to-edge model is not in accordance with the
analytical results when bending is involved.
Concerning the model with connector elements, one can notice that in tension and for small
curvatures the axial strain is affected by a non-zero mean gradient. The cause of this behavior
can be linked to an approximation of the normal contact direction.
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6.3 Conclusion
We faced several limitations when using the tools in Abaqus R©/Standard to model beam-to-
beam contact and friction. We did not find any way to overcome these difficulties. Maybe
this is possible, but our experience demonstrates the complexity of dealing properly with
contact when complex geometries are considered. This is particularly true within a legacy
code. The number of options does not help but their existence testifies in favor of the need
to develop specific procedures depending of the test case, which could explain the difficulty
one has if the treated case does not belong to a certain category.
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Development of a new contact element
From the results obtained employing the connector elements, one could state that the use of
a node-to-node contact discretization is very attractive from a computational point of view.
However the lack of convergence linked to a non-optimal update of the contact directions
limits the use of the connector elements already available in Abaqus R© to just simple cases.
Figure 7.1: User-element scheme. The name of the variables are chosen as reported in [1].
This observation motivated the development of a new node-to-node contact element, with a
correct update of the contact directions. Once formulated, the element has been coded in a
user-subroutine UEL (User ELement).
The user-element subroutine is called by the solver at each iteration and for each user-element
in the model. The subroutine receives in input the nodal kinematics (initial coordinates,
displacements, rotations, last converged increment of displacements and rotations) and the
values of the element state variables. As output, the subroutine yields the updated state
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variables, the element stiffness matrix and load vector. From the latter two, the solver builds
up the global tangent operator and the global load vector respectively, in the assembly phase
(Fig. 7.1).
7.1 Contact kinematics
The element is formulated for the contact of non-parallel beams, assuming a pointwise contact
interaction. It is a two-node contact element and the contact pairing is determined once for
all from the undeformed (reference) configuration. Therefore, for the contact kinematics
small sliding is considered, but large rotations may occur.
The use of this contact element can be extended to the modeling of line contact, provided
that the beam nodes are evenly distributed and that the beams are non-parallel. Hence,
considering wire rope modeling, it can be used for the interlayer contacts (including first
layer with central wire) but it cannot be used for the simulation of contact between wires in
the same layer.
7.1.1 Definition of normal and “apparent” tangential gap
Being a node-to-node contact formulation, the mesh generation procedure is the one already
employed for the model with the connector elements (see Sec. 6.1.3). Beam meshes are
therefore defined in order to locate mesh nodes at the locations which minimize the distance
between the two beams, that we denote X1 and X2.
Regarding the modeling of line contact between non parallel beams, the nodes have to be
equally spaced along the beam axes, in order to obtain a uniform line pressure in case of a
uniform penetration (in the penalty method framework).
Figure 7.2: Beam-to-beam contact in the initial configuration (increment t = 0) on the left
and in a generic deformed configuration (increment t = n+ 1) on the right.
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The contact normal in the reference (initial) configuration (Fig. 7.2) is defined as follows:
N =
T1 ∧ T2
‖T1 ∧ T2‖ =
X2 −X1
‖X2 −X1‖ (7.1)
where T1 (resp. T2) is the tangent director of beam 1 (resp. beam 2) at node X1 (resp. X2).
For beams initially in contact and having circular cross-section, the “virtual” contact point
is the point X¯1 = X¯2 such that:
X¯1 −X1 = r1N and X¯2 −X2 = −r2N
where r1 and r2 are the beam radii.
In the current configuration (Fig. 7.2), x1 (resp. x2) is determined by adding the displacement
u1 (resp. u2) to the reference configuration:
x1 = X1 + u1 and x2 = X2 + u2
Points xˆ1 and xˆ2 are the two beam points that minimize the distance between beam 1 and
beam 2 such that: {
(xˆ2 − xˆ1) · t1(xˆ1) = 0
(xˆ2 − xˆ1) · t2(xˆ2) = 0 (7.2)
If contact occurs and assuming constant beam radii (i.e. the Poisson effect and any degra-
dation of the surfaces are neglected), the contact point x¯2 = x¯1 is such that:
x¯1 − xˆ1 = r1 n and x¯2 − xˆ2 = −r2 n
where the contact normal is defined by:
n =
t1(xˆ1) ∧ t2(xˆ2)
‖t1(xˆ1) ∧ t2(xˆ2)‖
=
xˆ2 − xˆ1
‖xˆ2 − xˆ1‖
In this work, under the small-sliding assumption, the beam tangent at point xˆ1 (resp. xˆ2) is
assumed to be very closed to the tangent at point x1 (resp. x2). In other words, one assumes
that beams remain locally straight in the proximity of the initial contact position. Therefore,
the contact normal is here defined by:
n
def
=
t1(x1) ∧ t2(x2)
‖t1(x1) ∧ t2(x2)‖ (7.3)
Subsequently, the definition (7.2) of points xˆ1 and xˆ2 is changed into:{
xˆ1
def
= x1 + ξ
1t1(x1)
xˆ2
def
= x2 − ξ2t2(x2)
where ξ1 and ξ2 are the contravariant components of the “apparent” tangential gap between
nodes x1 and x2 defined by (Fig. 7.3):
gˆ
T
= Π (x2 − x1) = ξ1t1(x1) + ξ2t2(x2) (7.4)
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Figure 7.3: Projected view of the apparent tangential gap gˆ
T
on the contact tangent plane.
and where Π(·) = (Id − n ⊗ n)(·) is the projection operator on the local tangent plane
defined by normal n. The “apparent” tangential gap gˆ
T
and the “accumulated” tangential
gap function gT that will be defined in (7.31) must not be confused.
The current gap can then be decomposed into a normal and a tangential parts as follows:
g = x2 − x1 − (r1 + r2)n = gN n+ gˆT (7.5)
with: {
gN = (x2 − x1) · n− (r1 + r2)
gˆ
T
= Π (x2 − x1) = ξ1t1(x1) + ξ2t2(x2)
The inequality constraint of the non-penetration condition reads:
gN = (x2 − x1) · n− (r1 + r2) > 0
A penetration function (for penalty method) can also be defined:
g¯N =
{
(x2 − x1) · n− (r1 + r2) if (x2 − x1) · n− (r1 + r2) < 0
0 otherwise
(7.6)
It should be noticed that since the normal n is defined from beam directors t1 and t2, the
choice of the orientations of beam directors t1 and t2 has to be done so that the normal is
oriented from beam 1 to beam 2. This orientation convention can be done accordingly and
explicitly from the initial contact configuration.
7.1.2 Definition of beam tangent directors
A beam tangent director ti in the current configuration is defined as the initial tangent Ti
rotated according to the rotation vector of the correspondent node Φi (represented by rotation
degrees of freedom):
ti = R(Φi)Φi (7.7)
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Let us define the skew-symmetric matrix Φˆ
i
associated with Φi by the relationships:
Φˆ
i
Φi = 0 and Φˆi v = Φi ∧ v
for all vectors v. The rotation matrix R(Φi) in (7.7) is expressed as
R(Φi) = Ri = exp Φˆi = Id + Φˆi +
1
2!
Φˆ
2
i
+ . . .
However, the above infinite series has the following closed-form expression:
Ri = exp Φˆi = cos ‖Φi‖Id + sin ‖Φi‖‖Φi‖ Φˆi +
1− cos ‖Φi‖
‖Φi‖2 ΦiΦ
T
i (7.8)
= Id +
sin ‖Φi‖
‖Φi‖ Φˆi +
1− cos ‖Φi‖
‖Φi‖2 Φˆi
2
(7.9)
where the second expression is obtained by noting that ΦiΦ
T
i = ‖Φi‖2Id + Φˆi
2
.
In the following, t1 and t2 denote respectively the beam tangent directors t1 (Φ(x1)) and
t2 (Φ(x2)) in order to alleviate the notations. Note that tangent director t is not necessarily
tangent to the beam axis in the deformed configuration due to the shear deformation contri-
bution. In our case, wires are very slender and shear deformation contribution can reasonably
neglected.
7.1.3 Covariant and contravariant components for the tangential
gap
From (7.4) one can see that the projection of the nodes on the tangential plane gˆ
T
is defined
by the components ξi along the beam tangents, which in general are not orthogonal. For
this reason, we have to introduce the (covariant) basis (t1, t2, n) and its dual (contravariant)
basis (t1, t2, n) such that tj · ti = δji . Then one can define the covariant and contravariant
components with respect to the covariant and contravariant basis for a vector which lies in
the tangent plane.
By introducing the (symmetric second order) metric tensor M such that Mij = ti · tj such
that:
ti = M ijtj with M
ijMjk = δ
i
k = δ
k
i
one easily deduces the following relation between the covariant and contravariant components:
ξiM
ij = ξj and ξi = Mijξ
j
Covariant and contravariant components have to be clearly distinguished. Note that M ij
denotes a given component of the inverse of metric tensor M .
Starting from (7.4), one gets (Fig. 7.3):
gˆ
T
= Π (x2 − x1) = x¯2(ξ1, ξ2)− x1 = ξ1t1(x1) + ξ2t2(x2)
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where is it has been chosen to consider a tangential plane passing from x1. It can be noticed
that this choice is completely arbitrary and does not affect the results in the following. Thus,
ξi =
(
x¯2(ξ
1, ξ2)− x1
) · ti = (x2 − x1) · (M ijtj)
Therefore we get(
ξ1
ξ2
)
= M−1
(
(x2 − x1)T 0
0 (x2 − x1)T
)(
t1
t2
)
= M−1A
(
t1
t2
)
(7.10)
(
ξ1
ξ2
)
= M
(
ξ1
ξ2
)
=
(
(x2 − x1)T 0
0 (x2 − x1)T
)(
t1
t2
)
(7.11)
Note that the “apparent tangential gap gˆ
T
must not be confused with the tangential gap
function ge,trT defined in Sec. 7.3.2, which will be used for the integration of the tangential
contact interaction, and with the total tangential gap gT defined in Sec. 7.1.6.
7.1.4 Variation of normal and apparent tangential gap
Since x¯2(ξ
1, ξ2)− x1 = gˆT , one deduces that:
gN n = (x2 − x1)− gˆT − (r1 + r2)n
Taking the variation of this equation leads to:
δgN n+ gN δn = δx2 − δx1 − δgˆT − (r1 + r2)δn (7.12)
= δx2 − δx1 − δ
(
ξi ti
)− (r1 + r2)δn (7.13)
= δx2 − δx1 − δξi ti − ξi δti − (r1 + r2)δn (7.14)
Note that, since ti depends on the rotation vector Φ(xi), variations δti (as well as δn) has
to be accounted for. Taking the dot product of this equation with n results in the following
expression for δgN :
δgN =
(
δx2 − δx1 − ξi δti
) · n = (δxˆ2 − δxˆ1) · n = (δx¯2 − δx¯1) · n (7.15)
since ti · n = 0 and n · δn = 0 due to the fact that ‖n‖ = n · n = 1 that implies δ(n · n) =
n · δn = 0.
Likewise, taking the dot product of (7.12) with tj results in the following expression:
gN δn · tj = (δx2 − δx1) · tj − δξi ti · tj − ξi δti · tj − (r1 + r2)δn · tj (7.16)
Since one has the following conditions:
n · ti = 0 ⇒ δ(n · ti) = δn · ti + n · δti = 0⇒ δn · ti = −n · δti
n · n = 1 ⇒ δ(n · n) = n · δn = 0
ti · tj = 0 ⇒ δ(ti · tj) = ti · δtj + δti · tj = 0⇒ ti · δtj = −δti · tj
(7.17)
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one deduces the variation of the contravariant component ξi or contravariant ξj:
−gN n · δtj = (δx2 − δx1) · tj − δξiMij − ξi δti · tj + (r1 + r2)n · δtj
⇔ δξiMij = (δx2 − δx1) · tj − ξi δti · tj + (gN + r1 + r2)n · δtj
⇔ δξiMij = δξj = (δx2 − δx1 − ξi δti) · tj + (gN + r1 + r2)n · δtj
(7.18)
Note that the variation depends on ξi, the normal gap gN and the beam radii r1 and r2. It
can also been shown that:
δξj = δ(gˆT · tj) = (δx2 − δx1) · tj + (x2 − x1) δtj
7.1.5 Increment of tangential gap
Considering the kinematics described so far, we have now to define the tangential gap in-
crement g∆T , defined by the relative displacement experienced by the material points x¯1 and
x¯2 that were in contact in configuration at tn, projected on the new tangential plane in
configuration tn+1.
Figure 7.4: Projected view of the apparent tangential gap gˆ
T
on the contact tangent plane.
Firstly, x¯1 and x¯2 are mapped in the new configuration at tn+1 (Fig. 7.4). These new positions
are denoted respectively x¯1,(n,n+1) and x¯2,(n,n+1), where first index n refers to the fact that
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they were the material points in contact at configuration n and second index n+ 1 refers to
the configuration where the material points are mapped. The new material points in contact
are simply denoted by x¯1,(n+1) and x¯2,(n+1).
For each beam, on time increment ∆tn+1 = tn+1 − tn, the distance between the previous
material point in contact in configuration n and the current material point in contact at
configuration n+ 1 can be defined for each beam as{
d∆1 = x¯1,(n,n+1) − x¯1,(n+1)
d∆2 = x¯2,(n,n+1) − x¯2,(n+1) (7.19)
The normal direction changes in the new configuration (Fig. 7.2) and is defined by:
n(n+1)
def
=
t1,(n+1) ∧ t1,(n+1)
‖t1,(n+1) ∧ t2,(n+1)‖
where ti,(n+1) = ti(xi,(n+1)) denotes the current director of beam i at material point xi,(n+1).
Figure 7.5: Tangential sliding components projected on the tangential plane at increment
n+ 1.
The increment of tangential gap g∆T is defined as the projection of the difference between d
∆
2
and d∆1 in the current tangent contact plane at configuration n+1. To alleviate the notation,
the subscript (n + 1) to indicate a quantity referred to the current time increment will be
discarded from now on. One has (Fig. 7.5):
g∆T = (Id − n⊗ n)(d∆2 − d∆1 ) (7.20)
with
d∆1 = x1 + ξ
1
(n)t1 + r1n1 − (x1 + ξ1t1 + r1n)
= −(ξ1 − ξ1(n))t1 + r1(n1 − n)
d∆2 = x2 − ξ2(n)t2 − r2n2 − (x2 − ξ2t1 − r2n)
= (ξ2 − ξ2(n))t2 − r2(n2 − n)
(7.21)
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n1 = R
∆
1 n(n); R
∆
1 = R(Φ
∆
1 ) (7.22)
n2 = R
∆
2 n(n); R
∆
2 = R(Φ
∆
2 ) (7.23)
and in which Φ∆i is the rotation in the current increment of beam i. Therefore one gets
g∆T = (Id − n⊗ n)[(ξi − ξi(n))ti − rini]
= (ξi − ξi(n))ti − (Id − n⊗ n)rini
(7.24)
This definition of g∆T is equivalent to quantifying the amount of relative sliding by approx-
imating the actual movement histories by straight lines projected on the contact tangent
plane at configuration n + 1. It is clear that the more the time step decreases, the better
the approximation of the theoretical path of the contact material point on each beam is. It
can be noted that with this definition of g∆T also relative movements generated by rolling are
taken into account.
First terms
(
ξi − ξi(n)
)
ti reflects the relative sliding in the beam axes direction and the term(
Id − n⊗ n
)
(r1n1 + r2n2) is associated with sliding along the circumferential directions of
each beam. This second term is not considered when the contact problem between beams
is treated as contact between curves, as occurs in [169]. In other words, the sliding between
curves can be described by the evolution of the parameters ξi, while the characterization
of the sliding between the beam surfaces, being two-dimensional, requires two components.
This has been done for instance in [104], where the beam surfaces are described by couples
of convective coordinates.
Since Id − n ⊗ n = ti ⊗ ti = ti ⊗ ti and ni · ti = 0, the tangential gap increment can be
expressed as
g∆T = (t
j ⊗ tj)[(ξi − ξi(n))ti − rini]
= [(ξi − ξi(n))ti · tj − rini · tj]tj
= (ξj − ξi(n)Mij − rini · tj)tj
= [ξ1 − ξi(n)Mi1 − r2n2 · t1]t1 + [ξ2 − ξi(n)Mi2 − r1n1 · t2]t2
= g∆T1t
1 + g∆T2t
2
(7.25)
or equivalently
g∆T = (tj ⊗ tj)[(ξi − ξi(n))ti − rini]
= [(ξi − ξi(n))ti · tj − rini · tj]tj
= [(ξ1 − ξ1(n))− (r1n1 + r2n2) · t1]t1 + [(ξ2 − ξ2(n))− (r1n1 + r2n2) · t2]t2
(7.26)
Considering (7.25), the variation can be expressed as
δg∆T = δξit
i − (ξ2(n)t1 + ξ1(n)t2)δM12 + g∆T i(M ijδtj) + g∆T i(δM ijtj)− . . .
. . . r2 [δn2 · t1 + n2 · δt1)] t1 − r1 [δn1 · t2 + n1 · δt2] t2 (7.27)
while considering (7.26) one gets
δg∆T = δξ
iti − (r1δn1 + r2δn2)ti · ti + (ξi − ξi(n))δti − . . .
. . . (r1n1 + r2n2)(δM
ijtj +M
ijδtj) · ti − (r1n1 + r2n2)ti · δti (7.28)
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7.1.6 Tangential gap function
Once determined the tangential gap increment form (7.24), the total tangential gap is com-
puted by summing the tangential gap that has been previously accumulated, that we denote
gT,(n).
It is worth recalling now that in the described contact kinematics arbitrary large rotations can
occur. Therefore, the accumulated tangential sliding gT,(n) has to be rotated in the current
configuration n+ 1 before the increment (7.24) is added.
The strategy used here to perform the rotation of the tangential sliding is different with
respect to the one proposed in [104], where just the rotation of one of the two contacting
beams is used. We express the accumulated tangential sliding as
gT,(n) = ξ
i,tot
(n) ti,(n) (7.29)
in which the coefficients ξi,tot(n) are determined by exploiting the relations between covariant
and contravariant components detailed in Sec. 7.1.3, i.e.
ξi,tot(n) = gT,(n)t
i
(n)
It should be noticed that the components ξi,tot(n) has no physical meaning. However, any vector
on the tangential plane can be expressed in the basis of the beam tangents. The accumulated
tangential sliding can be now rotated as
gT,(n,n+1) = ξ
i,tot
(n) ti (7.30)
where ti are the beam tangents in the current configuration.
The transformation from (7.29) to (7.30) is equivalent as the one employed in [104] in the
case in which the dot product of the beam tangents remains unchanged. Conversely, if t1 · t2
varies, the accumulated sliding is rotated differently with the two approaches. However, an
optimal way to perform this rotation does not exist. This is linked to the approximation
that is done by considering the contact condensed in one point rather than distributed on
the actual contact patch (which is elliptical, see Sec. 2.4.2).
The total tangential gap can be finally evaluated as
gT = g
∆
T + gT,(n,n+1) (7.31)
7.2 Constitutive equations for tangential contact
Coulomb’s law and other constitutive equations for friction can be formulated in the frame-
work of elasto-plasticity. This has been investigated by several authors who developed dif-
ferent constitutive equations for frictional problems (see Chapter 5 in [165]).
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7.2.1 Elasto-plastic analogy for friction
The key idea of the elasto-plastic approach is a split of the tangential slip gT into an elastic
(stick or adhesive) part geT and a plastic (slip) part g
s
T :
gT = g
e
T + g
s
T (7.32)
This split can be viewed as a regularization step of the frictional law. However, one also
can find a physical interpretation, in the sense that elastic tangential micro displacements
geT occur at the contact interface because of the elastic behavior of the asperities in the real
contact area. Hence, they model an elastic stick behavior since the associated deformations
vanish once the loading is removed from the system.
The simplest possible model for the elastic part of the tangential contact is an isotropic linear
elastic relation, which yields:
tT = εT g
e
T (7.33)
where εT is the tangential elastic constant.
The plastic frictional tangential slip gsT is governed by a constitutive evolution equation which
can be formally derived by using standard concepts of elasto-plasticity theory [87]. Let us
introduce for the derivation of a slip rule, in analogy to the derivation of a plastic flow rule,
the dissipation:
Ds = tT · g˙sT > 0
due to the plastic slip increment. Now consider an elastic domain:
ET =
{
tT ∈ R3 | fs(tT ) 6 0
}
in the space of the contact tangential stress. A simple expression for fs is given by:
fs(tT ) = ‖tT‖ − µ pN 6 0 (7.34)
which is the plastic slip criterion for a given (positive) contact pressure pN , and is equivalent
to classical Coulomb’s law. The frictional coefficient µ is a parameter depending on the
properties of the contacting surfaces.
The evolution equation for the plastic slip can now be computed from the maximum dis-
sipation principle, well known from the theory of plasticity. The derivation is done here
assuming the simple slip criterion (7.34), however the methods also hold for more advanced
slip criteria. Additionally, one has the loading-unloading conditions in Kuhn-Tucker form:
γ˙ > 0, fs(tT ) 6 0, γ˙fs(tT ) = 0
which determine the plastic parameter γ˙.
To sum up, the constitutive evolution equation for the plastic or frictional slip can be stated
in a general form of a slip rule for large deformations in the contact zone as
g˙s
T
= γ˙
∂fs(tT )
∂tT
= γ˙ nT with nT =
tT
‖tT‖ (7.35)
γ˙ is a parameter which describes the magnitude of the plastic slip.
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Anisotropic behavior
One can also think of anisotropic elastic constitutive behavior leading to:
tT = CT g
e
T (7.36)
with the constitutive tensor CT . The non-isotropic behavior is sometimes necessary. Models
for anisotropic friction can be found in [100, 55, 101, 57] The model introduced in [100]
is expressed in an orthogonal cartesian reference frame in the tangent plane of the contact
interface. With respect to that, the slip function is described by a super ellipse:
fs(pN , tTx, tTy) =
[(
tTx
µx
)n
+
(
tTy
µy
)n]1/n
− pN (7.37)
where tTx and tTy denote the tangential stresses in x and y directions, while n is a parameter
which determines the form of the ellipse. This model assumes a special case of anisotropic
behavior which has different friction parameters with respect to the cartesian coordinate
axes. The evolution equation is now given by two equations for the x and y directions
g˙sTx = γ˙
∂fs
∂δtTx
g˙sTy = γ˙
∂fs
∂δtTy
(7.38)
Again, the Kuhn-Tucker conditions can be set up to complete the formulation:
γ˙ > 0, fs(tTx, tTy) 6 0, γ˙fs(tTx, tTy) = 0
The dissipation function, which is needed for instance in thermo-mechanical applications or
problems where wear has to be computed, can also be stated; it yields
Ds = tT · g˙sT = tTxg˙sTx + tTyg˙sTy
This modeling approach may be used in the case of beam to beam pointwise contact to
account for indentation phenomena. In this case, the orthotropic directions can be defined as
the (orthogonal) axes of the elliptic contact zone predicted by Hertz theory (see Sec. 2.4.2).
Concerning overhead electrical wire ropes, from the results obtained in [84] an anisotropic
behavior seems to better represent the contact interactions between aluminum wires than the
isotropic one, in order to represent the effects of surface indentation (see Fig. 2.15). For steel
wire ropes, it should be mentioned that with the onset of surface degradation mechanisms,
the frictional properties of the surfaces may vary, in particular with cyclic loading [139].
However, in this work, for the sake of simplicity, only the isotropic frictional behavior with a
constant friction coefficient will be considered.
7.2.2 Local integration of the friction law
In the following section the integration of the local constitutive equations at the contact
interface for friction is discussed. One has to solve an evolution equation for the frictional
slip, which is coupled with the slip condition fs, and hence coupled with an inequality.
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The algorithmic update of the tangential stress tT and dissipation Ds is performed by the
return algorithm based on an objective (backward Euler) integration of the evolution equation
for the plastic slip (see [165] for further details and additional references).
The results can be summarized as follows:
1. Calculation of the slip increment within the time step ∆tn+1 from (7.24).
2. Computation of the elastic trial state from (7.33) and evaluation of the slip crite-
rion (7.34) at time tn+1. As shown in (7.33), one needs to compute the elastic part of
the tangential gap function (7.32) in order to capture the previously converged sliding
tendency. Thus, the trial slip ge,trT is obtained by adding the previously accumulated
elastic slip geT,(n) = ξ
i
e,(n)ti,(n) mapped according to the rotations of the beam axes,
which is simply
geT,(n,n+1) = ξ
i
e,(n)ti (7.39)
where the coefficients ξie,(n) are obtained as ξ
i
e,(n) = g
e
T,(n) · ti(n). One can notice that
is the same mapping that has already been described for the total slip in Sec. 7.1.6.
Therefore, one defines the trial “elastic” part of the accumulated relative sliding gap
as follows.
ge,trT = g
∆
T + g
e
T,(n,n+1) (7.40)
The notation ge,trT has been chosen instead of gT since it does not contain information
about the previous accumulated sliding of the contact history, but only the last-step
“elastic” tendency of sliding assuming a penalty approach for the trial tangential di-
rection. The elastic trial state can be now computed as
ttrT = cT g
e,tr
T (7.41)
f trs = ‖ttrT ‖ − µ pN (7.42)
where pN = cN |gN | = cN sign (gN) gN > 0 (since gN < 0 when contact occurs) and
where cN is the normal elastic constant (or cN = εN from a “regularization” point of
view). A value of the slip criterion which fulfills f trs 6 0 indicates stick. Hence no
sliding takes place. For f trs > 0 sliding occurs in the tangential direction, and a return
mapping of the trial tangential force to the slip surface has to be performed.
3. Return mapping procedure is derived from the time integration algorithm. In case
the implicit Euler scheme is applied to approximate the evolution equation (7.35), one
can compute the increment of plastic slip at time n+ 1:
gs,∆T = λn+1∆tn+1 nT = ∆λnT with nT =
tT
‖tT‖ (7.43)
where classical notation ∆λ = λn+1∆tn+1 has been used. With the standard arguments
regarding the projection schemes [142], one obtains: tT = t
tr
T − cT∆λnT
nT = n
tr
T with n
tr
T
def
=
ttrT
‖ttrT ‖
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 Proof: From ttrT = tT + cT ∆λnT and since tT = nT‖tT‖, one gets:
nT‖tT‖ = ttrT − cT ∆λnT (7.44)
which leads to nT =
ttrT
‖tT‖+ cT ∆λ . As ‖tT‖+ cT ∆λ ≥ 0, one deduces that nT and t
tr
T
are collinear. Thus, nT =
ttrT
‖ttrT ‖
which ends the proof. 
If sliding occurs when f trs > 0, the return mapping procedure aims at setting fs =
‖tT‖ − µ pN = 0, that is to say ‖tT‖ = µ pN . From (7.44) and since nT = ntrT , one gets:
‖tT‖ = ‖ttrT ‖ − cT ∆λ = µ pN
which leads to:
∆λ =
1
cT
(‖ttrT ‖ − µ pN) = f trscT
Thus, the total frictional slip is given by:
tT = t
tr
T − cT∆λnT = µ pN ntrT = µ pN
ttrT
‖ttrT ‖
The accumulated elastic gap and accumulated relative sliding can be deduced subse-
quently: {
geT = g
e,tr
T − gs,∆T = ge,trT −∆λntrT = ξieti
gsT = g
s
T,(n,n+1) + g
s,∆
T
One obviously has: tT,(n+1) = cT
(
ge,trT,(n+1) −∆gsT,(n+1)
)
= cT g
e
T,(n+1). Note that one al-
ways has : tT,(n+1) = ‖tT,(n+1)‖nT,(n+1) with nT,(n+1) =
ge,trT,(n+1)
‖ge,trT,(n+1)‖
. Then total tangential
slip can be then computed from (7.31).
This update completes the local integration algorithm for the frictional interface law.
7.3 Linearization of contact conditions
The solution of the nonlinear equation system associated with the weak form of the beam-to-
beam contact problem is obtained via the Newton-Raphson scheme. This method relies on
the linearization of the weak form. In our case, the total virtual work expression is the sum
of the virtual deformation of beam elements and the contribution of the contact elements.
The contribution of a contact element to the weak form can be expressed by treating sepa-
rately normal and tangential contributions:
δWC = δW
N
C + δW
T
C (7.45)
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7.3.1 Normal contact
Considering a penalty method approach with constant penalty parameter N , the variation
of virtual work associated to normal contact is
δWNC = tNδgN = NgNδgN (7.46)
where tN = NgN is the normal contact force and δgN given by (7.15). Thus, the linearization
of δWNC is
∆δWNC = ∆(tNδgN) = N∆gNδgN + NgN∆δgN (7.47)
The linearization of gN (∆gN) has the same structure than the variation of gN (δgN). Hence
with (7.15), by exchanging δ by ∆, one obtains:
∆gN =
(
∆x2 −∆x1 − ξi ∆ti
) · n (7.48)
The linearization of the gap in the normal direction ∆δgN is more involved and has to be
computed from the full variation of gN = (x2 − x¯2) · n, since terms which are zero in (7.15)
can also contribute to the tangent (a function can have a non-zero tangent at positions where
it is zero). Starting from (7.12), one gets:
δgN n+ gN δn = δx2 − δx1 − δξi ti − ξi δti − (r1 + r2)δn (7.49)
Note that since ti as well as δti and δn depend on the rotation vector Φ(xi), they have to be
linearized. Linearization of variation δx1 and δx2 are zero.
∆δgN n+ δgN ∆n+ ∆gN δn+ gN ∆δn =
= −∆δξi ti − δξi ∆ti −∆ξi δti − ξi ∆δti − (r1 + r2)∆δn (7.50)
By multiplication with n, this equation leads to:
∆δgN + gN (∆δn ·n) = −δξi (∆ti ·n)−∆ξi (δti ·n)− ξi (∆δti ·n)− (r1 + r2)(∆δn ·n) (7.51)
since ∆n · n = 0, δn · n = 0 and ti · n = 0. The term ∆δn · n can be rewritten as ∆(δn · n) =
∆δn · n+ ∆n · δn = 0. From this identity, one deduces that ∆δn · n = −∆n · δn. Finally, it
comes that:
∆δgN = −(δξi ∆ti + ∆ξi δti + ξi ∆δti) · n+ (gN + r1 + r2)(∆n · δn) (7.52)
7.3.2 Tangential contact
The tangential contact contribution to the weak form is
δW TC = tT · δgT (7.53)
with tT the tangential contact force, whose expression is different in stick and slip regimes.
For the term δgT as done in [104] we consider
δgT = δg
∆
T + δgT,(n,n+1) (7.54)
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with δg∆T defined in (7.27) and
δgT,(n,n+1) = ξ
i
e,(n)δti (7.55)
The general expression of the linearization of δW TC is
∆δW TC = ∆(tT · δgT ) = ∆tT · δgT + tT ·∆δgT (7.56)
From (7.27) one can write the linearization of δgT as
∆δg∆T = ∆δξit
i − [ξ2(n)∆(M1jtj) + ξ1(n)∆(M2jtj)]δM12 − . . .
. . . (ξ2(n)t
1 + ξ1(n)t
2)∆δM12 + ∆g
∆
T i(M
ijδtj) + ∆g
∆
T i(δM
ijtj)− . . .
. . . r2 (δn2 · t1 + n2 · δt1) (M i1∆t1)− . . .
. . . r1 (δn1 · t2 + n1 · δt2) (M i2∆t2)− . . .
. . . r2 (∆δn2 · t1 + δn2 ·∆t1+ . . .
. . . ∆n2 · δt1 + n2 ·∆δt1) t1 − . . .
. . . r1 (∆δn1 · t2 + δn1 ·∆t2+ . . .
. . . ∆n1 · δt2 + n1 ·∆δt2) t2 + . . .
. . . g∆T i(M
ij∆δtj) + g
∆
T i(∆M
ijδtj) + . . .
. . . g∆T i(δM
ij∆tj) + g
∆
T i(∆δM
ijtj)
(7.57)
with
∆g∆T1 = ∆ξ1 − ξ2(n)(t2 ·∆t1 + t1 ·∆t2)− r2 (∆n2 · δt1 + δn2 ·∆t1)
∆g∆T2 = ∆ξ2 − ξ1(n)(∆t2 · δt1 + ∆t1 · δt2)− r1 (∆n1 · δt2 + δn1 ·∆t2)
(7.58)
Actually, this term has not been implemented in the user-element subroutine. In fact, a
satisfying convergence rate is attained for high tangential penalty stiffness with the first
term of (7.56) only.
Elasto-plastic tangent modulus
In the sticking case, there is no sliding and λ = γ˙ = 0, the tangential behavior is elastic and,
according to (7.35), g˙s
T
= γ˙
∂fs(tT )
∂tT
= 0. Thus:
∆tT = cT
(
∆g∆T + ∆gT,(n,n+1)
)
= cT ∆g
e,tr
T (7.59)
The tangent modulus is the tangential elastic constant cT (or cT = εT from a “regularization”
point of view).
In the sliding case, one remains in the elastic domain: fs(tT ) = 0 and λ = γ˙ > 0. The
loading point remains on the slip criterion: f˙s(tT ) = 0. The consistency condition states that
: λf˙s(tT ) = 0 if fs(tT ) = 0. One can express the “consistent” tangent modulus according to
ge,trT as follows:
tT = cT g
e
T
= cT
(
ge,trT − λnT
)
= cT g
e,tr
T − cT
[
1
cT
(‖ttrT ‖ − µ pN)]nT
= µ pN nT
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One deduces that:
∆tT = µ∆pN nT + µ pN ∆nT
One can easily show that:
∆nT = ∆
(
ge,trT
‖ge,trT ‖
)
=
1
‖ge,trT ‖
(
I − nT ⊗ nT
)
∆ge,trT
One finally obtains as shown in [104]:
∆tT =
µ pN
‖ge,trT ‖
(
I − nT ⊗ nT
)
∆ge,trT + µ∆pN nT (7.60)
7.3.3 Calculation of tangent operator and load vector
In order to formulate the contact element, the virtual work associated to normal and tangen-
tial contact, expressed by (7.46) and (7.53) respectively, and their linearization (7.47) and
(7.56) have to be expressed as function of the nodal degrees of freedom, that we gather in
the vector
d =

u1
Φ1
u2
Φ2
 (7.61)
where ui and Φi are respectively the displacements and rotations of node i. In the Appendices
B and C, the interested reader can find the terms associated to the linearization and to the
contribution to the weak form of the contact conditions.
7.4 Conclusion
In the development of this new frictional contact element, we chose to prioritize the robustness
of the formulation, with the contact normal that varies smoothly at each iteration of the
Newton-Raphson algorithm. Namely we avoided the use of finite sliding techniques (see Sec.
4.2.4), such as normal smoothing, isogeometric elements or Mortar method.
Another important aspect is the contact detection phase, which can be time-consuming
concerning contact between beams. Conversely, with this formulation it is very fast, since it
consists of just few operations thanks to the fixed contact pairing.
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Model validation
Once implemented in Abaqus R©/Standard as a user element, the new contact element de-
scribed in Chapter 7 has been employed in some numerical tests for its validation. When
possible, the obtained results are compared with the edge-to-edge and surface-to-surface
models, which have been described in Sections 6.1.1 and 6.1.2 respectively.
Three types of benchmark have been considered.
• The first benchmark consists of a pointwise contact interaction among slender beams.
Beside the contact forces, the convergence rate has been evaluated with respect to the
beam contact modeling formulated in [169].
• The second group of benchmarks has already been described in Sec. 6.2.1. Its aim is
to verify the user element behavior in the modeling of helical-shaped structures. The
helix kinematics is compared with the one obtained by the other models. Moreover,
the capability of the model to fit the analytical results is investigated.
• The last benchmark concerns a tension-bending test of a four-layer wire rope. The
results are compared with experimental [111] and numerical [84] ones.
Firstly, a frame invariance test with respect to rigid rotations has been conducted.
8.1 Frame invariance test
In this simple test, the degrees of freedom of the two nodes belonging to a single user element
are completely controlled. It involves the three following steps.
1. Contact is imposed in the first step, with a relative movement in the normal direction.
2. In the second step, a tangential relative displacement is applied, in order to develop
frictional forces.
3. In the last step, a rigid rotation is applied to the system.
The results with one increment (Tab. 8.1) show that the moments which originate from the
definition of the weak form contributions (Eq. (B.33)-(C.68)) change their magnitude after
the rigid rotation. This nonphysical result is generated by the use of the matrix H(Φ) (Eq.
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N. of increments % diff. M1 % diff. M2
1 −2.55 −0.15
10 −0.12 −0.03
100 −1.e− 3 1.e− 3
1000 ≈ 0 ≈ 0
Table 8.1: Results of the frame invariance test with H(Φ∆). The first column indicates
the number of increments to apply a rigid rotation of pi/4. The other columns report the
percentage differences of the moments at the nodes after the rigid rotation with respect to
their value at the second step.
(A.16)), i.e. the matrix linking a variation of the linearized rotation field δθ to a variation of
the nodal rotation vector δΦ through, the relation [1]
δθ = H(Φ) · δΦ
The invariance can be recovered by computing the matrix H with respect to the rotation
occurring at the current increment Φ∆ [13, 48]. Table 8.1 shows that, with this modification,
a small error is recovered is the rotation if performed with a sufficient number of increments.
Nevertheless, we observed that the use of H(Φ∆) involves convergence problems in the
tension-bending test reported in Section 8.4. Namely, the convergence criterion which is
not satisfied is the one concerning the largest correction to rotation compared to the largest
increment of rotation, whose maximum allowed ratio is by default set to 1.e − 2. However,
it has been ascertained that up to the last converged increment the solution given by using
H(Φ) or H(Φ∆) are practically the same.
As a consequence, in the following the formulation with H(Φ) is employed for the sake of
robustness. In future works, this frame variance issue should be however investigated.
8.2 Pointwise contact benchmark
This benchmark has been taken from [169]. It consists of two beams being orthogonal to
each other (Fig. 8.1). The horizontal beam length is equal to 14 units, and the vertical one is
equal to 10 units. The initial distance between the beams axes in the out-of-plane direction
is equal to 1 unit. The horizontal beam is clamped at both ends. The vertical one is clamped
at the bottom-end, where also an out-of-plane displacement toward the other beam, equal
to 0.3 units, and a horizontal displacement equal to 0.03 units are applied at each of the
subsequent load steps. The other beam end is free.
The geometrical and material parameters are gathered in Table 8.2.
The beams come at incipient contact at the second load step. It can be noticed that, since
the nodes are evenly distributed at a distance of 1 unit (Fig. 8.1a), the initial contact points
do not correspond to the user element node, since for the horizontal beam one has
xˆh = xh + 0.06 e1
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(a) (b) (c)
Figure 8.1: (a) Top view with beam discretization. (b) Initial configuration. (c) Deformed
configuration.
Area 4.0e− 2
Beam radius 0.2
Moment of Inertia 2.0e− 4
Young Modulus 1.0e+ 8
Poisson Coeff. 0.0
Table 8.2: Beam properties.
where xh is the position vector of the user-element node and e1 is the unit vector in x direction
(Fig. 8.1a).
For the sake of comparison, the contact penalty coefficient are set as in [169] to N = T =
1.e+4 units. The convergence rate of the two models for different value of friction coefficient,
reported in Table 8.3, is comparable. In Table 8.4 are reported the values of the contact forces,
from which one can notice that the stick-slip transition is not equally predicted by the two
models. Actually, it is worth mentioning that the models evaluate the tangential sliding
differently, since in [169] the dimensions of the beam cross-sections are neglected, i.e. only
the sliding components along the beam axes are considered.
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User-Element [169]
Friction coeff. FN FT FN FT
µ = 0.
17.69
35.37
52.93
70.21
0.
0.
0.
0.
17.2
34.3
51.3
68.4
0.
0.
0.
0.
µ = 0.1
17.72
35.27
52.72
69.87
1.77 (slip)
3.53 (slip)
5.27 (slip)
6.99 (slip)
17.0
33.8
50.4
67.0
1.7 (slip)
3.28 (slip)
5.04 (slip)
6.70 (slip)
µ = 0.8
18.02
34.84
50.77
66.96
9.20 (stick)
12.39 (stick)
40.62 (slip)
53.57 (slip)
16.0
30.8
45.0
58.4
11.5 (stick)
24.5 (slip)
36.0 (slip)
46.7 (slip)
µ = 1.5
18.02
34.84
48.98
64.28
9.20 (stick)
12.39 (stick)
63.06 (stick)
96.42 (slip)
14.44
31.52
48.16
64.19
11.5 (stick)
24.7 (stick)
39.4 (stick)
55.8 (stick)
Table 8.4: Comparison of contact forces, obtained with N = T = 1.e+ 4.
User-Element Edge-to-Edge Surface-to-Surface
Friction coeff. FN FT FN FT FN FT
µ = 0.
17.69
35.37
52.93
70.21
0.
0.
0.
0.
14.52
32.20
49.75
67.05
0.
0.
0.
0.
17.67
35.44
53.11
69.87
0.
0.
0.
0.
µ = 0.1
17.72
35.28
52.72
69.87
1.77 (slip)
3.53 (slip)
5.27 (slip)
6.99 (slip)
14.51
32.16
49.66
66.87
1.45 (slip)
3.22 (slip)
4.97 (slip)
6.69 (slip)
17.70
35.34
52.90
70.16
1.68 (slip)
3.54 (slip)
5.30 (slip)
7.03 (slip)
µ = 0.8
18.04
34.70
50.77
66.96
9.68 (stick)
15.16 (stick)
40.62 (slip)
53.57 (slip)
14.44
31.52
48.88
65.47
11.56 (slip)
25.47 (slip)
39.11 (slip)
52.38 (slip)
17.19
34.04
50.88
67.19
8.43 (stick)
17.11 (stick)
40.68 (slip)
53.72 (slip)
µ = 1.5
18.09
34.68
48.98
64.28
11.04 (stick)
15.63 (stick)
73.47 (slip)
96.42 (slip)
14.44
31.52
48.16
64.19
13.07 (stick)
47.28 (slip)
72.24 (slip)
96.29 (slip)
17.60
33.51
48.97
64.44
10.47 (stick)
21.11 (stick)
73.41 (slip)
96.60 (slip)
Table 8.5: Comparison of contact forces obtained for different values of friction coefficient,
with an elastic slip of 1.e− 3.
In order to further investigate the validity of these results, it has been decided to run the
benchmark employing the edge-to-edge (Sec. 6.1.1) and surface-to-surface (Sec. 6.1.2) con-
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(a) µ = 0. (b) µ = 0.1
(c) µ = 0.8 (d) µ = 1.5
Figure 8.2: Normal force difference with respect to the reference model, for different values
of the friction coefficient.
tact discretizations. The latter is considered to be the reference model, in which the circular
cross sections are interpolated by 90 surface elements places along the circumference, while
500 elements are placed along the beam axes. The discretization of the edge-to-edge model
is the same employed for the user elements (see Fig. 8.1a).
For ease of implementation of the contact law, the tangential contact behavior is not defined
by a constant penalty stiffness, but by the elastic slip, see (4.13), of 1.e − 3 units. Conse-
quently, the results in [169] are not valid anymore for µ 6= 0. In normal direction, penalty
coefficients of 1.e+ 4 and 1.e+ 6 units are chosen for the edge-to-edge and surface-to-surface
model respectively. The higher penalty coefficient for the surface-to-surface model is used in
order to limit the penetration between the surfaces.
The contact force comparison is reported in Table 8.5 and in Figures 8.2-8.3. One can see
that the results obtained with the proposed model are in closer agreement with the reference
model. The biggest difference in the shear force is obtained at step 4 for µ = 1.5. However,
this difference is linked to a difference in the slip estimation in the order of 1.e− 4 units.
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(a) µ = 0.1 (b) µ = 0.8
(c) µ = 1.5
Figure 8.3: Tangential force difference with respect to the reference model, for different values
of the friction coefficient.
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8.3 Rope benchmark tests
The two benchmarks, represented in Figure 6.5, have already been described in Section 6.2.1.
The load steps that will be considered are reported in Table 8.6. The load step 1 consists of
a pure tensile loading. From step 2 to 4 the rope curvature is increased. Finally at load step
5 the central wire is straighten again.
Load step ε κ (mm−1)
1 1.e− 3 0.
2 1.e− 3 1.e− 6
3 1.e− 3 5.e− 5
4 1.e− 3 1e− 3
5 1.e− 3 0.
Table 8.6: Load steps for benchmarks 1 and 2. ε and κ are respectively the axial strain and
the curvature of the central wire.
The results obtained with the user-element are compared with the ones obtained by edge-to-
edge and surface-to-surface models, considering the displacements of the external helical wire
expressed in terms of relative displacements with respect to the reference cylinder (see Fig.
8.4 and Sec. 2.2.2). As in the pointwise contact benchmark, the surface-to-surface model is
taken as the reference.
Figure 8.4: Relative displacement with respect to the reference cylinder, whose radius is the
one of the helix.
In comparing the helix kinematics, the normal penalty coefficients (Tab. 8.7) are set in order
to obtain approximately the same helix radius contraction after the first pure tensile load
step. This is important since this contraction affects the axial force on the helical wire, see
(2.27), which modifies the normal contact force, see (2.34), and therefore the sliding behavior.
Concerning the tangential contact stiffness, the same elastic slip is chosen for all the models.
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For the comparison with the analytical results, the normal penalty stiffness is N = 2.e +
5N/mm and the elastic slip is set to 1.e− 4mm.
N Elastic slip
User Elements 4.e+ 3N/mm 1.e− 3mm
Edge-to-Edge 8.e+ 2N/mm 1.e− 3mm
Surface-to-Surface 1.e+ 5N/mm2 1.e− 3mm
N Elastic slip
User Elements 2.e+ 3N/mm 1.e− 2mm
Edge-to-Edge 1.e+ 3N/mm 1.e− 2mm
Surface-to-Surface 1.e+ 4N/mm2 1.e− 2mm
Table 8.7: Penalty coefficients used for the helix kinematics comparison, for benchmark 1
(on the top) and benchmark 2 (on the bottom).
8.3.1 Results - Benchmark 1
Helix kinematics - Tension
In pure tensile regime, the helical wire should remain as close as possible to the perfectly
stick configuration, for which ∆p = ∆c = 0 along the whole length. The results are reported
in Fig. 8.5.
(a) ∆p (b) ∆c
Figure 8.5: Benchmark 1, relative displacements with respect to the reference cylinder at
load step 1 (pure tension).
It can be noticed that the results of the surface-to-surface model are affected by some oscil-
lations (indeed, very small, almost two orders of magnitude lower than the admissible elastic
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slip). This is linked to the approximation of the discretization of a curved cylindrical surface
with planar surface elements.
The kinematics obtained with the user-element model is not exactly the one of a adherent
helix, even if the values of ∆p and ∆c are very small. The reason of this deviation is linked
to the approximation in the calculation of the contact normal, which is evaluated from (7.3).
Conversely, the relative displacements obtained with the edge-to-edge model are almost null
everywhere.
Helix kinematics - Bending
(a) (b)
(c) (d)
Figure 8.6: Benchmark 1, ∆p comparison: (a) Load step 2 (b) Load step 3 (c) Load step 4
(d) Load step 5.
Concerning the bending behavior, the results are reported in Figures 8.6-8.7. One can see that
the user-element model is in close agreement to the surface-to-surface (i.e. reference) model.
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(a) (b)
(c) (d)
Figure 8.7: Benchmark 1, ∆c comparison: (a) Load step 2 (b) Load step 3 (c) Load step 4
(d) Load step 5.
Qualitatively, The biggest difference is obtained for the load step 2, where the oscillations
affecting the surface-to-surface results originates from the approximate discretization of the
cylindrical wire surfaces by the surface elements, as was already shown in Figure 8.5.
One can observe that the kinematics obtained with the edge-to-edge model is not in ac-
cordance with the surface-to-surface (i.e. reference) model, both concerning the qualitative
distribution and the amplitude of the relative displacements, higher with respect to the ones
given by the other models. This actually explains the results shown in Figure 6.6.
In Figure 8.8 one can see the influence of taking into account the sliding along the beam
circumference. In fact, by only evaluating the sliding component along the beam axis (i.e.
considering contact between curves), the relative displacements (Fig. 8.8a) are closer to the
ones of the geodesic curve (see Sec. 2.2.2), reducing the axial strain variation (Fig. 8.8b).
Considering also the friction work due to sliding along the circumference, the wire kinematics
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(a) (b)
Figure 8.8: Comparison at load step 3 considering just the sliding along the beam axes, in
orange, and considering also the sliding component along the circumferential direction at the
beam surfaces (i.e. the second term in Eq. (7.24)), in blue. (a) Relative displacement ∆c.
(b) Axial strain.
is closer to the one described by the transposed curve.
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Axial strain distribution
(a) Tension (b) Bending - stick
(c) Slip state
Figure 8.9: Comparison of the axial strain obtained with the user element with the analytical
solutions (from Eq. (2.41)-(2.43)).
The user-element model is also able to fit the analytical curves of the axial strain distribution,
in tension and in the different bending regimes (Fig. 8.9). It is worth mentioning that the
tangential contact stiffness has an important effect on the axial strain variation in stick state,
as shown in Figure 8.10. In particular, an elastic slip of 1.e − 4mm allows to obtain axial
strain oscillations comparable with the analytical ones (Fig. 8.9b). The edge effects are
probably linked to the boundary conditions on the rotational degrees of freedom at the two
end sections.
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Figure 8.10: Influence of the elastic slip value on the amplitude of the axial strain oscillations
in stick state.
8.3.2 Results - Benchmark 2
Helix kinematics - Tension
In pure tension, the helix kinematics obtained with the different models is shown in Fig.
8.11.
(a) ∆p (b) ∆c
Figure 8.11: Benchmark 2, relative displacements with respect to the reference cylinder at
load step 1 (pure tension).
One can notice that in all the numerical models the wire kinematics somehow deviates from
the one of a perfectly adherent helix. This is primarily due to the influence of the edge
effects, since at the model ends the trellis contact is such that the external helical wire is not
in contact with the layer underneath. However, concerning the ∆c distribution (Fig. 8.11)
Multi-scale modeling of the fatigue of mooring wire ropes
140 Chapter 8. Model validation
obtained with the user-element model, one observes that it does not change sign, while in
the other models the distributions oscillate around zero.
(a) (b)
Figure 8.12: Benchmark 2, load step 1 (pure tension): a) direction of the vectors F diffN at all
the contact points projected on the x− y plane; b) norm of F diffN .
The ∆c distribution of the user-element model actually originates from a lack of equilibrium
involving the normal contact forces. Let us consider a beam node belonging to a wire in the
first layer, which is in contact both with the central wire and with the external helix. The
node is at position θ, defined on the x − y plane, with the third cartesian axis z collinear
with the central wire axis. The normal vector associated to the node is hence
n =
cos(θ)sin(θ)
0

On this nodes two contact forces are acting, from the internal user-element (contact with the
central wire) and from the external user element (contact with the external helix). Thus, by
separating normal and tangential components one has
F1 = FN1n1 + FT1t1, F2 = FN2n2 + FT2t1
We now take the difference of the normal contact forces and we project it on the tangential
plane defined by the vector n, i.e.
F diffN = (I − n⊗ n)(FN2n2 − FN1n1)
The results are shown in Figure 8.12. One can see that the vectors F diffN point mainly in
clockwise sense by looking at Figure 8.12a. These forces basically measure a lack in precision
for the determination of the contact normal and are higher at the model ends. This arises
therefore from edge effects.
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(a) (b)
(c) (d)
Figure 8.13: Benchmark 2, ∆p comparison: (a) Load step 2 (b) Load step 3 (c) Load step 4
(d) Load step 5.
Helix kinematics - Bending
The results concerning the helix kinematics are reported in Fig. 8.13-8.14. One can notice
that the model employing the user-elements is in good agreement with reference model, even
if the results are not that close as it was for benchmark 1.
It can be noticed that the distribution of ∆c at load step 2 (Fig. 8.14) is nearly the same as
the one reported in Figure 8.11, which is referred to tension.
By taking the norm of the two sliding components, one can see that, except for very small
curvature, the results are in a pretty good agreement during the bending phase, while at the
end of the unbending phase with our model we obtain a residual sliding which is higher with
respect to the one obtained with the reference (i.e. surface-to-surface) model (Fig. 8.15).
A possible explanation for this difference can be linked to the fact that the user-element does
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(a) (b)
(c) (d)
Figure 8.14: Benchmark 2, ∆c comparison: (a) Load step 2 (b) Load step 3 (c) Load step 4
(d) Load step 5.
not offer any rigidity with respect to a relative rotation of the beams around the contact
normal. Conversely, in the surface-to-surface model the contact “points” have a finite di-
mension (Fig. 8.16) and therefore this relative movement is opposed by friction. In the real
world, the contact patches have an elliptical shape (see Sec. 2.4.2) and therefore this rigidity
is physically present.
The effect of this “extra-stiffness”, which is offered only by the surface-to-surface model, can
be observed by looking at the charts in Fig. 8.17, representing the lay angle variation with
respect to the initial one, which is α = 12◦. In particular, one can notice that the lay angle
variations are generally higher for the user-element model and the edge-to-edge model.
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(a) (b)
(c) (d)
Figure 8.15: Benchmark 2, total slip comparison: (a) Load step 2 (b) Load step 3 (c) Load
step 4 (d) Load step 5.
Figure 8.16: Contact areas displayed for the benchmark 2 in the surface-to-surface model.
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(a) (b)
(c) (d)
Figure 8.17: Benchmark 2, comparison of the lay angle variation: (a) Load step 2 (b) Load
step 3 (c) Load step 4 (d) Load step 5.
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Axial strain distribution
The comparison with the analytical results is shown in Fig. 8.18, where the analytical
formulae consider line contact.
(a) Tension
(b) Slip state
Figure 8.18: Comparison of the axial strain obtained with the user element with the analytical
ones (from Eq. (2.41)-(2.43)).
One may observe that the axial strain amplitude in stick state is lower with respect to the
one predicted analytically. There are actually a couple of reasons explaining this fact.
1. Since the spacing of the contact patch is about 14.5mm along the helical wire, the
points in between can actually displace in order to minimize the elastic energy. This
causes also the scattering in Fig. 8.13a-8.14a.
2. Because of the penalty formulation, the wires in the first layer are not perfectly stuck
to the central wire. Hence, the analytical formula which assumes that the wire is glued
to its reference cylinder (see Sec. 2.2.2) is less valid.
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8.4 Tension-Bending test
The capabilities of the contact element to deal with the modeling of a multilayer spiral strand
has been tested, with the simulation of a tension-bending test, represented in Fig. 8.19. It
is actually a test from [111] for studying the resistance to wind vibration of a overhead
conductor (Aluminum Conductor Steel Reinfroced, ACSR). The wire rope is subjected to
a tensile force T = 40 kN and to a cyclic transversal force, ranging from Vmin = 0 kN to
Vmax = 4.3 kN , applied at midspan. The wire rope ends are clamped, i.e. any rotation and
relative sliding movement between the wires is prevented. It is actually allowed for the wires
to move relatively in radial direction.
Figure 8.19: Tension bending test scheme [84].
Layer Nb. Nb. of wires Wire diam. (mm) E (GPa) ν Lay Angle (deg.)
Core 1 3.34 210 0.3 -
1 6 3.34 180 0.3 6.06
2 12 3.32 65 0.33 11.99
3 18 3.32 65 0.33 11.80
4 24 3.32 65 0.33 13.10
Table 8.8: Wire rope characteristics [84]. It is constituted by steel wires (central wire and
first layer) and aluminum wires (second, third and fourth layer).
The characteristics of the ACSR Cardinal wire rope are reported in Table 8.8. The fric-
tion coefficient at the steel-steel and steel-aluminum interfaces is set to 0.3, while for the
aluminum-aluminum interface is set to 0.5.
In the user-element model, lateral contact between the wires at the same layer is introduced
via the use of tube-to-tube contact elements. These contact elements aim to model finite-
sliding interactions between tubular structures in which the bodies are roughly parallel along
their surface. Namely, they are slide line contact elements, for which it is assumed that the
relative motion of the two beams is predominantly along the line defined by the axis of one
of the beams [1].
This test was performed in [111] and has been simulated numerically in [84], where the authors
model the wires with quadratic beam elements and use the beam-to-beam contact algorithm
of the commercial software ANSYS. The obtained results will be therefore compared to the
experimental ones, regarding the rope deflection, and the numerical ones that involves axial
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Figure 8.20: Sectors of the ACSR Cardinal wire rope cross-section [84].
force, contact forces and interwire slip, which will be compared in the portion −500mm ≤
z ≤ 0mm and for different sectors and layers (Fig. 8.20). Moreover, the test has been
simulated by using the edge-to-edge contact algorithm of Abaqus R©, but for which only the
axial force distribution along the wires and the rope deflection are available results, since
post-processing contact quantities in case of multiple interactions on a single beam node are
not directly accessible.
In particular, the quantities obtained at V = Vmax and their variation between configurations
V = Vmax and V = 0 will be compared. Because of the hysteretic bending behavior of the
wire rope, two bending cycles are simulated. The quantities reported in the following are
referred to the second bending cycle.
Regarding the axial force, the results are shown in Fig. 8.21 to 8.26. One can observe that the
results given by the three models are generally in good agreement. The highest differences
concern the results for layer 2 (Fig. 8.21-8.22), for which one can see that
• at V = Vmax the user element model predicts a higher gradient of axial force along the
sectors;
• for the axial force variation on the neutral plane, it is lower for the user-element model
in the zone in between the clamped end and the midspan.
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(a) Sector 345◦ − 15◦ (b) Sector 75◦ − 105◦
(c) Sector 165◦ − 195◦ (d) Sector 255◦ − 285◦
Figure 8.21: Axial force comparison at V = Vmax, layer 2.
(a) Sector 345◦ − 15◦ (b) Sector 75◦ − 105◦
(c) Sector 165◦ − 195◦ (d) Sector 255◦ − 285◦
Figure 8.22: Axial force variation comparison, layer 2.
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(a) Sector 345◦ − 15◦ (b) Sector 75◦ − 105◦
(c) Sector 165◦ − 195◦ (d) Sector 255◦ − 285◦
Figure 8.23: Axial force comparison at V = Vmax, layer 3.
(a) Sector 345◦ − 15◦ (b) Sector 75◦ − 105◦
(c) Sector 165◦ − 195◦ (d) Sector 255◦ − 285◦
Figure 8.24: Axial force variation comparison, layer 3.
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(a) Sector 345◦ − 15◦ (b) Sector 75◦ − 105◦
(c) Sector 165◦ − 195◦ (d) Sector 255◦ − 285◦
Figure 8.25: Axial force comparison at V = Vmax, layer 4.
(a) Sector 345◦ − 15◦ (b) Sector 75◦ − 105◦
(c) Sector 165◦ − 195◦ (d) Sector 255◦ − 285◦
Figure 8.26: Axial force variation comparison, layer 4.
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(a) Sector 345◦ − 15◦ (b) Sector 75◦ − 105◦
(c) Sector 165◦ − 195◦ (d) Sector 255◦ − 285◦
Figure 8.27: Sliding comparison at V = Vmax, interface between layer 1 and 2.
The sliding comparison is shown in Fig. 8.27 to 8.32. The general tendency is that the slip
estimated by the ANSYS model [84] is higher than the one obtained with the user-element
model. In particular the most important differences can be seen for the internal layers.
At the interface between layers 1-2 (Fig. 8.27-8.28) and layers 2-3 (Fig. 8.29-8.30), it may
be seen that in the proximity of the neutral plane the sliding predicted by the user element
model is confined in the zones close to the rope termination and at midspan (i.e. where the
transversal load is applied). Conversely, in the beam-to-beam model of ANSYS the sliding
propagates in basically the whole length of the rope. Similarly, in the user element model at
the outer and inner arc sectors, the sliding is negligible along the whole rope, whereas some
sliding takes place in the ANSYS model.
From these observations, we can draw the conclusions that the interwire friction in the user
element model is sufficient to dissipate rapidly the effects of the transversal load. Conse-
quently, the amount of sliding in the nearly straight wire rope portion (i.e. in between
clamped end and midspan) is negligible. Moreover, at the outer and inner arc sectors we can
see that the user-element model predicts an interwire sliding lower with respect to the one
estimated by the beam-to-beam model.
Regarding the most external contact interface (Fig. 8.31-8.32), the sliding predictions are in
a good agreement considering the neutral plane sectors. However, for the outer and inner
arc sectors the same trend observed for the internal layers is noticed.
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(a) Sector 345◦ − 15◦ (b) Sector 75◦ − 105◦
(c) Sector 165◦ − 195◦ (d) Sector 255◦ − 285◦
Figure 8.28: Sliding variation comparison, interface between layers 1 and 2.
(a) Sector 345◦ − 15◦ (b) Sector 75◦ − 105◦
(c) Sector 165◦ − 195◦ (d) Sector 255◦ − 285◦
Figure 8.29: Sliding comparison at V = Vmax, interface between layers 2 and 3.
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(a) Sector 345◦ − 15◦ (b) Sector 75◦ − 105◦
(c) Sector 165◦ − 195◦ (d) Sector 255◦ − 285◦
Figure 8.30: Sliding variation comparison, interface between layers 2 and 3.
(a) Sector 345◦ − 15◦ (b) Sector 75◦ − 105◦
(c) Sector 165◦ − 195◦ (d) Sector 255◦ − 285◦
Figure 8.31: Sliding comparison at V = Vmax, interface between layers 3 and 4.
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(a) Sector 345◦ − 15◦ (b) Sector 75◦ − 105◦
(c) Sector 165◦ − 195◦ (d) Sector 255◦ − 285◦
Figure 8.32: Sliding variation comparison, interface between layers 3 and 4.
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(a) Sector 345◦ − 15◦ (b) Sector 75◦ − 105◦
(c) Sector 165◦ − 195◦ (d) Sector 255◦ − 285◦
Figure 8.33: Normal contact force at V = Vmax, interface between layers 1 and 2.
Considering the contact forces, the comparison involves the interface between layers 1 and
2. The predictions of normal contact force (Fig. 8.33-8.34) show a good agreement between
the two models, expect for the variation in the neutral plane sectors, for which in any case
both models give very scattered results. The estimated tangential contact forces (Fig. 8.35-
8.36) have qualitatively the same distribution. It is worth mentioning that in [84] negligible
tangential force variations are predicted in between the clamped-end and the midspan in the
outer and inner arc sectors. However, one may see from Fig. 8.28b-8.28d that the results of
the beam-to-beam model show important slip variations in this area. The results of slip and
tangential contact forces seem therefore in contradiction for this model.
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(a) Sector 345◦ − 15◦ (b) Sector 75◦ − 105◦
(c) Sector 165◦ − 195◦ (d) Sector 255◦ − 285◦
Figure 8.34: Normal contact force variation, interface between layers 1 and 2.
(a) Sector 345◦ − 15◦ (b) Sector 75◦ − 105◦
(c) Sector 165◦ − 195◦ (d) Sector 255◦ − 285◦
Figure 8.35: Tangential contact force at V = Vmax, interface between layers 1 and 2.
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(a) Sector 345◦ − 15◦ (b) Sector 75◦ − 105◦
(c) Sector 165◦ − 195◦ (d) Sector 255◦ − 285◦
Figure 8.36: Tangential contact force variation comparison, interface between layers 1 and 2.
Multi-scale modeling of the fatigue of mooring wire ropes
158 Chapter 8. Model validation
Figure 8.37: Load-deflection curve predicted by the user-element model, the other numerical
models and the experimental one, obtained in [111].
Figure 8.38: Load-deflection curve predicted by the user-element model, with the small radius
formulation similar to [169], the other numerical models and the experimental one, obtained
in [111].
The load-deflection curve is reported in Fig. 8.37. One may see that the user element model
is less stiff with respect to the other models. The dissipated energy, which can be measured
by the area of the hysteresis loop, is in agreement with the one estimated by the edge-to-edge
model.
Regarding the bending stiffness of the model, it is worth mentioning that a stiffer behavior
is obtained by using the small radius formulation (Fig. 8.38), similar to the one proposed in
[169]. In this formulation, only the sliding along the beam axes is considered and the tan-
gential contact forces do not produce any nodal moment. Indeed, the moments transporting
the tangential forces on the beam nodes (Fig. 8.39) are responsible for the more compliant
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Figure 8.39: The tangential forces act at the beam surface. If the beam radius is not negligi-
ble, one needs to introduce the moments to transport the forces on the beam node. Double
arrows represent moments, single arrows represent forces.
Figure 8.40: Load-deflection curve predicted by the user-element model, considering or not
the contact between the wires in the same layer, which is modeled by tube-to-tube contact
elements [1].
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behavior. These transporting moments are absent in the edge-to-edge model, justifying the
user-element model to be brought closer to the other models, from Figure 8.37 to 8.38.
Taking into account the intra-layer contact between adjacent wires also results in a stiffer
response, as shown by Fig. 8.40.
As a final remark, it is worth mentioning that the real frictional behavior of the contacting
wires, particularly for the aluminum ones, is probably different from the isotropic one used in
the numerical models. Figure 2.15 shows that important indentation phenomena may occur
at the inter-layer contact locations.
8.5 Conclusion
Some general comments can be stated regarding the capabilities of the user-element of mod-
eling beam contact interactions.
From the pointwise contact benchmark (Sec. 8.2), it has been seen the user-element predicts
correctly the normal contact forces and the stick-slip behavior, even when a high friction
coefficient is used.
In the benchmark 1 (Sec. 8.3.1), the results that have been obtained are in very good
agreement with the reference model concerning the helix kinematics and with the analytical
results regarding the axial strain distribution. Moreover, this element allows to consider a
high stiffness in the tangential direction, which is very important to capture the behavior
during bending when small curvature variations are involved.
In the benchmark 2 (Sec. 8.3.2), dealing with localized contact points, the agreement con-
cerning the helix kinematics is not as good as it is for the benchmark 1. This may be due
to different reasons. In particular, it has been shown that, because of the small sliding ap-
proximation, a lack of equilibrium concerning the normal contact forces arises. Moreover,
the user element lacks of a stiffness contribution concerning the rotations of the wires around
the normal contact directions.
In the modeling of the tension-bending test of a multilayer spiral strand (Sec. 8.4), the
axial force predictions in the wires obtained by the numerical models are generally in good
agreement. Other results, concerning contact quantities and the wire rope deflection, are not
in agreement with the ones of other numerical models. However, the outputs of these models
seem sometimes questionable, particularly concerning the tangential contact quantities (i.e.
inter-wire slip and tangential forces). Therefore, they cannot be really taken as a reference.
It should be pointed out that important speed-up factors are obtained by using the user-
element. In the following, the total CPU time of the user-element is compared with the
edge-to-edge model. Except when differently specified, all the calculations reported below
have been performed with a Intel R© Xeon R© CPU E5-1620 @ 3.50 GHz.
• Pointwise contact benchmark
– edge-to-edge: 1.57 s
– user-element: 0.38 s (speed-up factor of about 4)
• Benchmark 1
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– edge-to-edge: 67.4 s
– user-element: 6.52 s (speed-up factor of about 10)
• Benchmark 2
– edge-to-edge: 3431.9 s
– user-element: 172.13 s (speed-up factor of about 20)
• Tension-bending test
– edge-to-edge: 2.8014e + 5 s (using 2 Intel R© Xeon R© CPU E5-2670 v3 @ 2.30 GHz
(Haswell) with 8 processors)
– user-element: 5120.4 s (with 4 processors)
Further investigation have to be done concerning the frame invariance problem explained in
Section 8.1.
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Application to mooring modeling
In this chapter, the developed finite element model is used for performing the analysis of a
mooring line portion of the case study presented in chapter 5. In particular, the zone most
subjected to curvature of the mooring line 1 is analyzed. The Dang Van criterion will be
applied in order to assess the fatigue risk.
9.1 Boundary conditions
As reported in the flowchart of Fig. 4, the FOWT (i.e. global) model yields the time series
of tension and curvature along the mooring lines and for each sea state. These quantities
(Fig. 9.1) associated to a specific critical zone are the inputs of the wire rope model, to which
constant axial strain and curvature are applied to the central wire. For the sake of simplicity,
it is assumed that the bending axis remains unchanged during the analysis. Moreover, the
rope torsion is prevented.
The problem consists in the imposition of the boundary conditions. The imposition of a
plane-section kinematics at the end sections of the model would in fact generate important
edge effects which would affect the results along the whole model length, as shown in Fig.
9.2. Therefore, a strategy has been developed to impose the boundary conditions simulating
the continuity of the wire rope. In other words, the boundary conditions simulate that the
rope would continue beyond the model ends with the same curvature and tension.
9.1.1 Periodic boundary conditions
These boundary conditions are imposed via a Multi-Point Constraint (MPC) user-subroutine.
An important result coming from the analytical models is here exploited. When a wire rope
is bent, relative displacements among the wires of adjacent layers may occur according to
the curvature, the applied tension and the friction coefficient between the contacting wires
[111]. Consequently, when sliding occurs, initial plane cross sections are in general not plane
anymore in the bent configuration.
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Figure 9.1: Example of time history of axial strain and curvature obtained from the global
model.
Figure 9.2: Snapshot of the axial force distribution in the wires of the last layer of the mooring
wire rope along a sea state simulation. In this example the length of the model is twice the
lay length of the last layer.
When bent, a position along the wire can be parameterized by a circumferential angle θ from
pi/2 at the outer-arc to −pi/2 at the inner arc. The analytical axial force distribution in a
Multi-scale modeling of the fatigue of mooring wire ropes
164 Chapter 9. Application to mooring modeling
helical wire of a bent wire rope geometrically depends on θ. In particular, its gradient is null
at the wire sections in correspondence of positions θ = ±pi
2
. This means that no friction forces
develop at these positions and consequently no relative displacements occur. Kinematically,
this means that the points at these positions follow the rotation of the rope cross section in
the bent configuration.
Let us consider a wire rope portion whose axis has constant axial deformation and curvature.
We consider two wires in a given layer L (Fig. 9.3): for one of these wires, two nodes at
positions θ = ±pi
2
are linked to the corresponding nodes of the central wire in such a way
that they stay on the same wire rope cross section in the bent configuration, meaning that
we impose zero relative displacement with respect to the central wire, and they keep the
same position θ on this cross section (since we do not consider wire rope torsion). For this
wire the boundary conditions are well imposed and consequently any computed quantity
related to this wire can be considered correct. In the following we will refer to this wire
as the reference wire of layer L. In particular we can obtain the correct profile of relative
displacement with respect to the central wire. A Multi-Point constraint (MPC) allows to
transfer this information to the other wires in the same layer. In this way the continuity of
the wire rope is modeled correctly.
Figure 9.3: Points involved in a MPC.
The points involved in each MPC are four and are represented in Fig. 9.3:
- the point P is the one to which the constraint is imposed (i.e. the slave node), since
θP 6= ±pi2 ;
- the point CP is the node of the central wire in the cross section containing the points
Q and P ;
- the point R is the node on the reference wire for which θR = θP
- the point CR is the node on the central wire in the cross section containing R.
The point Q (Fig. 9.3) is at position θQ =
pi
2
. It is not involved in the MPC but it is
kinematically linked to CP to stay in the same cross section and at the same angle θ.
In general, points R and CR do not coincide with nodes in the finite element model. In this
case, the degrees of freedom at these positions can be defined by using the FEM interpolation
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of the beam segments to which they belong, to recover a link to the dofs of these segment
nodes.
The constraint equation for displacement imposes that the relative sliding of point P with
respect to CP is the same of that for point R with respect to CR. The relative sliding is
determined for nodes P and R with respect to the wire rope cross sections defined by the
rotation vectors respectively at points CP (ΦCP ) and CR (ΦCR), i.e.
RTCP (xP − xCP ) = RTCR(xR − xCR) (9.1)
where R indicates the rotation matrix and x the position vector. For the rotation vectors we
simply impose
ΦP = ΦCP (9.2)
By denoting with θi, X
z
i and ui respectively the angle theta (Figure 9.3), the position along
the wire rope axis and the displacements of node i, we can approximate the degrees of freedom
at point R by a linear interpolation of the degrees of freedom of the adjacent nodes, since
these points are in practice very close. Therefore one gets
ξR =
θP − θR1
θR2 − θR1
XzR = X
z
CR
= (1− ξR)XzR1 + ξRXzR2
uR = (1− ξR)uR1 + ξRuR2
We now consider equation (9.1). By multiplying on the left both sides by RCP we obtain
fd = xP − xCP −RCPRTCR(xR − xCR) = 0 (9.3)
The displacements of the slave node P are hence given by
uP = RCPR
T
CR
(xR − xCR) + xCP −XP (9.4)
We now proceed with the linearization of the constraint equations fd. Since
δv = δRV = δθ̂RV = δθ ∧ (RV ) ∀v = RV
with R the rotation matrix and δθ the linearized rotation vector, and
δ(RRT ) = 0 −→ δRT = −RT δRRT = −RT δθ̂
we get
δfd = δuP − δuCP − δθCP ∧ [RCPRTCR(xR − xCR)]
+RCPR
T
CR
[δθCR ∧ (xR − xCR)]
−RCPRTCR(δuR − δuCR) = 0
(9.5)
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Figure 9.4: Benchmark to test the imposition of the periodic boundary conditions.
9.1.2 Implementation
A problem has been encountered in the implementation of the periodic boundary conditions.
It will be explained by looking at the results obtained with the simple benchmark represented
in Figure 9.4.
It is constituted by a helical wire wrapped around another wire. At A1, the helical wire starts
at the outer-arc. Hence, the plane section kinematics at this end of the wire is correct. At
the other end P one has to apply the multipoint constraint (9.1), with P as slave node. This
benchmark aims also to verify if the algorithm converges without imposing the plane section
kinematics at node A2, which is at the outer arc as node A1.
The results will be shown for two different cases. In both of them the displacement of the
slave node are imposed satisfying (9.1), while the difference consists in the implementation
of the linearization (9.5)
• in the case Missing terms the terms associated to δuR and δuCR are not implemented,
• in the case Complete linearization every term in (9.5) is implemented.
Figures 9.5-9.6 show the helix kinematics with respect to the reference cylinder (see Sec.
2.2.2) obtained in tension and bending, this latter both in stick and slip regimes. One
can see that when the terms associated to δuR and δuCR are absent, the kinematics of the
helix is periodic, while putting these terms the displacement profile is not periodic anymore.
Moreover, with the complete linearization the periodicity condition is not applied exactly,
since the right end should have the same values of ∆p and ∆c of the master node R, which is
at position ≈ −92mm. This wire kinematics generates the axial strain profiles represented
in Figure 9.7. In the distribution obtained with the complete linearization one can clearly
see a sharp jump in correspondence of the master node. Nevertheless, the convergence rate
of the incomplete linearization is lower, as one would expect since the tangent operator for
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(a) Tension (b) Bending - stick state
(c) Bending - slip state
Figure 9.5: Distribution of ∆c.
the Newton-Raphson algorithm is not exact.
In view of these results, we will use in the following the model with the incomplete lineariza-
tion. Moreover, the imposition of a plane-section kinematics at node A2 is avoided, since it
has been observed that this would lead to the onset of a sharp gradient in the wire axial force
at this position. Furthermore, the frictional contact interactions appear to be sufficient in
order to avoid any rigid mode.
Putting now more wires in the same layer, a periodic axial strain distribution is recovered,
as shown in Figure 9.8, with the highest and lowest axial strain respectively at the outer and
at the inner arc.
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(a) Tension (b) Bending - stick state
(c) Bending - slip state
Figure 9.6: Distribution of ∆p.
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(a) Tension (b) Bending - stick state
(c) Bending - slip state
Figure 9.7: Axial strain distribution.
(a) (b)
Figure 9.8: a) Axial strain distribution and b) model in the Abaqus R© interface.
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9.2 Mooring modeling
9.2.1 Axial stiffness of the numerical model
From the global model we obtain the time series of tension and curvature at a selected critical
zone. In the local model we impose uniform axial strain and curvature. Therefore, before
to proceed with the mooring line analysis one has first to evaluate the axial stiffness of the
numerical model. In fact, as it has been shown in Sec. 6.2.2, even a small reduction of the
helical radius can lower considerably the axial strain in the helical wire and consequently
the axial stiffness of the rope. The normal stiffness of the user elements has been set to
the maximum value ensuring the convergence with an elastic slip of 1.e − 3mm, which is
7.5e + 4N/mm. It should be pointed out that this value is lowered by the non-optimal
imposition of the periodic boundary conditions shown in Sec. 9.1.2.
A tension test on the numerical model has been therefore performed in order to obtain its
axial stiffness and transfer the same time series of tension of the global model into the local
one. An axial stiffness of 323MN has been obtained, while the one of the real rope has been
estimated from manufacturer data at 356MN and the analytical one, obtained from (2.22),
is 397MN .
9.2.2 Initial loading
From Figure 9.1, one can see that at the beginning of the sea state analysis the mooring
portion is actually characterized by non-zero tension and curvature. It has been on-observed
that a difference in the loading part before reaching this initial state can have a significant
influence on the results (Fig. 9.9).
We now denote ε0 and κ0 respectively the initial axial strain and initial curvature. The
following initial loading is imposed, whose aim is to limit the magnitude of the initial inter-
wire contact forces:
1. application of a small tension εsmall << ε0,
2. application of a curvature up to κ0,
3. mooring tensioning up to ε0.
9.2.3 Fatigue analysis
9.2.3.1 Calculation of the stress state
We want to perform a fatigue analysis from the results given by the local model, from which
the stress resultants on the wires and the inter-wire contact interaction are evaluated. The
idea is now to exploit these outputs in order to compute the 3D stress state at the inter-wire
contact locations and evaluate the fatigue risk with the Dang Van criterion (Sec. 3.3.2).
Namely, by denoting Σb and Σc the macroscopic stress tensors respectively originating from
the beam stress resultants and from the contact forces, we use the superposition principle to
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(a) (b)
Figure 9.9: Time evolution of tangential contact force between two crossing wires in the prox-
imity of the neutral axis with different initial loading paths : (a) the initial tension is applied
before the initial bending, (b) same as (a) but an arbitrary cycle of bending/unbending is
applied to get the initial curvature [10].
evaluate the complete stress state, i.e.
Σtot = Σb + Σc (9.6)
The stress tensor Σb can be easily obtained from well-known analytical results for beams with
circular cross section. Concerning the term Σc, for the sake of simplicity we just consider
the direction collinear with the normal contact force, that we consider acting in z direction,
while x and y are respectively directed toward the the major and minor axis of the elliptical
contact area. The following formulae have been used [151]:

σcx
p0
=
2b
e2a
(Ωx + νΩ
′
x)
σcy
p0
=
2b
e2a
(
Ωy + νΩ
′
y
)
σcz
p0
= − b
e2a
(
1− T 2
T
) (9.7)
where
- p0, a and b are defined as in (2.70);
- e is the eccentricity, i.e. e =
√
1−
(
b
a
)2
;
Multi-scale modeling of the fatigue of mooring wire ropes
172 Chapter 9. Application to mooring modeling
Figure 9.10: Depth correspondent to the maximum value of tangential stress, as function of
the ellipticity of the contact area and for different Poisson coefficients [51].
- the other parameters are expressed by
Ωx = −1
2
(1− T ) + ξ (F(Φ, e)− E(Φ, e))
Ω′x = 1−
a2T
b2
+ ξ
(
a2
b2
E(Φ, e)−F(Φ, e)
)
Ωy =
1
2
+
1
2T
+ ξ
(
a2
b2
E(Φ, e)−F(Φ, e)
)
Ω′y = −1 + T + ξ (F(Φ, e)− E(Φ, e))
T =
√
b2 + z2
a2 + z2
ξ =
z
a
= cot Φ
with F(Φ, e) and E(Φ, e) the incomplete elliptic integrals of first and second kind.
The value of z is determined according to the ellipticity of the contact patch, in such a
way to maximize the tangential stress (Fig. 9.10). It should be noted that this depth is
independent of the contact forces, but depends on the geometry and on the Poisson coefficient
of the material. Assuming that the variations of the angle between the contacting wires are
negligible (as in Fig. 8.17), this depth is constant along the analysis for each contact locations.
Nevertheless, this choice has been completely arbitrary and further investigations are needed
in order to analyze the stress state in a region inside the material and perform a fatigue
estimation in more points.
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We adopt here the same strategies used in [128, 112], where the dimension of the contact
area in order to take into account a contact surface flattening caused by localized plasticity.
Knowing the material yield stress Ry, if the average bearing stress exceeds the yield stress,
the contact area is increased with the same ellipticity. Thus one has
if
P
Ac
> Ry −→ Ac = P
Ry
(9.8)
with P the normal contact force and Ac the contact area.
Before performing the summation (9.6), one has to express the two tensors with respect to
the same reference system. Namely, they become coincident with a rotation around the z
axis, whose magnitude can be determined from (2.69).
Once Σtot is evaluated, the mesoscopic stress field σ is evaluated by adding the residual stress
state ρ, see Eq. (3.9). Assuming a stabilized material state, ρ is time-independent and it is
obtained as the stress state minimizing the maximum difference of Σtot in the loading history
(σ1 in (3.13)).
9.2.3.2 Endurance limit
The Dang Van endurance limit is defined by the material parameters a and b in (3.18). They
are obtained from the endurance limits in fully-reversed bending test and in fully-reversed
torsion test, which we name respectively f and t. Then, the parameters a and b in (3.18) are
obtained as
a = 3
t− f/2
f
, b = t (9.9)
From [39], many authors showed that the ratio
t
f
varies between 0.44 and 0.75. In [113] the
values f = 750MPa and
t
f
= 0.7 are chosen. This gives
a = 0.6 b = 525MPa
We add then a correction for low hydrostatic pressures, since it has been observed in [29, 19, 7]
that the Dang Van criterion can be non-conservative when compressive hydrostatic stresses
are present, i.e. it over-predicts the fatigue limit in this region. Based on this observation,
a horizontal projection has been suggested as a conservative fatigue limit for the region of
compressive hydrostatic values. Desimone [29] proposes a conservative locus which intersects
the vertical axis at y = 0.5 f . The same correction has been applied for instance in [155],
and in our case produces the result in Fig. 9.11.
9.3 Results
We now want to apply the developed model for the analysis of a mooring line portion. In
particular, we will consider the mooring line 1 at the position s = 79m, where the curvature
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Figure 9.11: Classical Dang Van limit (in dotted blue) and the corrected criterion (in red).
Figure 9.12: Wave elevation history considered for the fatigue analysis.
oscillations are the highest ones (see Fig. 5.9). The aim is to determine if the bending effects
in this zone are sufficiently important to affect the fatigue life of the mooring line.
A 950 s long sea state (see Sec. 5.1.5) is considered, characterized by a JONSWAP spectrum
with Hs = 8.75m and Tp = 16.5 s (see Sec. 1.1.1). The wave elevation history is reported in
Figure 9.12.
9.3.1 Time series of quantities of interest
Figures 9.13-9.14 show the time series of axial force and normal contact force at different
locations. One can clearly see that for each layer the results do not vary much by changing
the position with respect to the bending axis. This means that the variation of these forces
is mainly linked to the variation of the tension force in the rope, rather than to curvature
variations. Nevertheless, one can notice from Figure 9.15 that the tangential contact forces
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(a) Layer 1 (b) Layer 2
(c) Layer 3 (d) Layer 4
(e) Layer 5 (f) Layer 6
Figure 9.13: Times series of the axial force in different layers and sectors of the cross section.
have a great variablity according to the position on the rope cross section.
The normal contact forces are higher moving from the external to the internal layers (Fig.
9.16a). This was expected, since the external layers exert a pressure on the internal ones. At
higher normal forces correspond greater tangential forces as well (Fig. 9.16b).
Because of the lower tangential forces, the inter-wire slip is higher for the external layers
(Fig. 9.17). One can see that the wire rope reaches a stabilized state after a time t ≈ 100 s,
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(a) Layers 1-2
(b) Layers 2-3 (c) Layers 3-4
(d) Layers 4-5 (e) Layers 5-6
Figure 9.14: Times series of the normal contact force at different layer interfaces and sectors
of the cross section.
where shift in the sliding is observed at all the interfaces, except the most internal one. By
looking at Figure 9.12, this time instant does not correspond to a particularly high wave.
This actually confirms experimental evidences of tension-bending tests on wire ropes, in
which the rope is loaded several times before that a stabilized response is observed. The
inter-wire slip profile can be therefore considered as an indicator to reveal whether the wire
rope response is stabilized ore not. Consequently, in this analysis one does not have to rely on
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(a) Layers 1-2
(b) Layers 2-3 (c) Layers 3-4
(d) Layers 4-5 (e) Layers 5-6
Figure 9.15: Times series of the tangential contact force at different layer interfaces and
sectors of the cross section.
the first 100 s. Other strategies to impose the initial deformations (see Sec. 9.2.2) could be
considered in order to try to get rid of this issue. Concerning the slip magnitude, for the last
interface, it is in the range that activates fretting fatigue (see Fig. 3.4). Nevertheless, other
analyses have to be performed on less severe sea states to verify if the number of fretting
cycles can be sufficient to generate fatigue cracks.
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(a) Normal (b) Tangential
Figure 9.16: Time histories of the contact forces for different layers, considering positions in
the proximity of the neutral plane.
Figure 9.17: Inter-wire slip in the proximity of the neutral axis for the different layers.
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9.3.2 Dang Van plots
Following the procedure detailed in Sec. 9.2.3, a fatigue analysis has been performed following
the Dang Van criterion.
(a) Layers 1-2 (b) Layers 5-6
Figure 9.18: Dang Van plots at contact position close to the neutral plane at (a) the most
internal interface and (b) at the most external interface.
By calculating the residual stress tensor as detailed in Sec. 3.3.2, the results show that at all
the contact points the loading path in the Dang Van Plot stays below the endurance limit,
i.e. there is no fatigue risk. In particular, the loading path gets closer to the limit for the
inner layers (Fig. 9.18). One can use as a metric of the fatigue risk, the parameter d defined
in [46], such that
d =

maxt
τmax(t)
b− aP(t) when P(t) > Pkink
maxt
τmax(t)
0.5 f
when P(t) ≤ Pkink
(9.10)
where a and b are the parameters of the Dang Van limit (3.18), P and τmax are respectively the
hydrostatic pressure and the maximum shear stress and Pkink is the hydrostatic pressure at
which the slope of the endurance limit changes (Fig. 9.11), that in our case Pkink = 250MPa.
The parameter d quantifies the fatigue risk, i.e. the higher it is, the greater the fatigue
danger. In particular, values lower than 1 mean that the endurance limit is not exceeded.
This parameter is plotted in Figure 9.19 as function of the position θ (Fig. 2.10). One can
notice that its value is always lower than one.
It is worth mentioning that these results have been obtained without considering the effects
of the tangential forces on the stress state. Within this limitation, the temporary conclusion
would support the observation that the greater part of mooring wire ropes failures does
not occur far from the line ends but near the socket, where the wire rope movements are
restrained [45]. In future works, a fatigue analysis of this location should be performed.
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Figure 9.19: Value of the parameter d at all contact positions and at the different interfaces.
Additional investigations should be carried on considering the tangential contact interactions.
In particular, it should be noticed that the Dang Van criterion (as all the other criteria
reported in Sec. 3.3) is stress-based and hence it does not take into account the magnitude
of slip for the determination of the fatigue risk, which has been proved to be important (see
Fig. 3.4). Thus, it should be considered the use of other fatigue criteria considering also the
relative displacements, as the one proposed in [133].
9.4 Conclusion
The frictional contact element developed in Chapter 7 has been used for the modeling of a
multilayer spiral strand, representing a wire rope portion. The tension and curvature are
determined according to times series obtained from global-scale results (see Chapter 5) and
concerns a mooring portion subjected to the highest variations of curvature.
Periodic boundary conditions have been implemented in order to simulate the continuity of
the rope beyond the model ends. Some problems have been encountered in the implementa-
tion of this constraints. Nevertheless, it has been proved that the correct periodic response
is obtained by removing some terms in the linearization of the constraint equations, with the
drawback of worsening the convergence rate.
The tension time series has been converted to an axial strain by evaluating the axial stiffness
of the numerical model, which is slightly lower with respect to the one of the real rope. It
has been observed in Section 6.2.2 that this more compliant behavior is linked to the use of
a penalty formulation for the normal contact part.
Some observations have been made from the analysis of the time series of the axial forces and
the contact quantities. It has been shown that the axial force distribution in the cross section
does not vary much considering different relative positions with respect to the bending axis.
The same holds for the normal contact forces. Their magnitude increases from outer to inner
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layers.
The relative displacements are higher for the outer layers. By looking at their distribution
it has been observed that the wire rope response in the first part of the analysis is not in a
stabilized state. This is linked to the way the initial deformations are imposed, which does
not represent the loading history preceding the wave elevation in Figure 9.12.
The stress state at inter-layer contact locations has been determined by superposing the
stress state originating by the beam stress resultants and by the normal contact forces. The
Dang Van criterion (Sec. 3.3.2) has then been applied. The results show that the endurance
limit is not exceeded. Nevertheless, it is necessary to include the tangential contact force and
the sliding influence in order to draw definitive conclusions on the fatigue risk.
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The mooring systems of floating wind turbines ensure station keeping and have to be designed
in order to resist the loading induced by the action of the environment on the system. The
floater movements, caused by waves, current and wind, can generate high stress variations
in the lines. Fatigue represents therefore one of the major concerns for mooring designers.
In this thesis we focused on the fatigue of wire ropes, in particular of multilayer spiral strands.
The thesis purpose was to make feasible for a fatigue life estimate to take into account the
wire contact interactions. In the literature, it has been observed that when bending is in-
volved, these local effects can lead to wire breakages. They basically consists of fretting
interactions occurring at inter-layer contact locations, producing high stresses in the contact
region which can ultimately lead to a premature failure.
To accomplish this goal, an approach involving two scales has been elaborated. First, a
global scale represents the global wind turbine system, in which environmental loading and
cable mechanics are modeled with a dedicated hydrodynamic software (DeeplinesTM). Then,
a local scale details the response of a small length of rope at the wire level.
Due to the random nature of the environmental loading, fatigue life assessments require to
consider thousands of load cases. Consequently, the two models have to be computationally
efficient in order to make them suitable for a fatigue design procedure. This requirement rep-
resented a major challenge mostly for the local model. In fact, frictional contact is a highly
nonlinear phenomenon and inside commonly used spiral strand ropes for offshore mooring,
there are many thousands of wire contact locations per meter.
As a result of the inter-wire friction, the bending behavior of wire ropes is highly nonlinear,
with a bending stiffness that depends on the evolution of the rope curvature and on its ten-
sion. However, global scale computations showed that the bending behavior has a negligible
influence on the obtained results considering a fatigue estimate. This justifies the use of
a top-down scheme, i.e. the time series of tension and curvature obtained from the global
model can be directly applied to the local one.
In order to characterize these interactions, a new numerical model had to be conceived. The
starting point of the wire rope modeling has been the use of beam elements for the descrip-
tion of the wire kinematics, in order to limit the number of degrees of freedom involved.
In the first part of the thesis work, solutions for beam contact modeling already available
within Abaqus R©/Standard implicit scheme have been investigated. The conclusion drawn
after some preliminary computations was that none of these models was suitable for pursuing
the goal of the thesis, in terms of robustness and CPU time.
Nevertheless, from these calculations small sliding between the wires has been noted. This
observation has been exploited for the development of a new contact element between non
parallel beams with circular section, implemented within Abaqus R© by a user-element sub-
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routine. It basically consists in adopting a node-to-node contact discretization, with the
contact pairings that remain unchanged during the analysis. The contact positions in the
initial configuration are determined by simple geometrical operations. The beam nodes are
then placed at these locations and are linked with the user-elements. This simplification is
however compensated by including finite rotations in the contact and friction contributions
to the balance of momentum, with their linearization for the tangent operator of a Newton-
Raphson loop. The normal definition is crucial in spiral strand applications where a smooth
variation of normal is required. In this work, the normal definition depends on beam tangent
directors at the two contact nodes initially in contact. Thus, the normal smoothly varies in
a continuous way by simply tracking the rotations at the two contact nodes. This choice en-
sures a particular robustness of this model and avoids all the complications and improvement
strategies of the large-sliding algorithms (see Sec. 4.2.4). Moreover, the friction is considered
at the beam surfaces, inducing additional moments.
This new model has been validated by some numerical benchmarks, aiming to verify the
capabilities of the new element for the simulation of inter-layer contact interactions in a wire
rope. First, a simple test has been used to check the frame invariance with a rigid body
rotation. A formulation considering rotation increments is invariant for a reasonable number
of increments. However, it has not been used in the thesis because of convergence issues, and
as it did not influence significantly the results of a wire rope tension and bending simulation.
A pointwise contact benchmark has been used in order to evaluate the convergence rate of
our model and the contact forces predicted, giving satisfying results. In the next series of
benchmark tests, we considered a first model with one helical wire in line contact with the
central wire, and a second model with an helical wire in trellis contact with all the wires of
the first layer. It has been observed that the results of the new element are in a very good
agreement with the ones of a reference model using surface elements to track the kinematics
of the cylindrical beam surfaces, with a significant CPU time gain compared with other stud-
ied models. Concerning the modeling of a tension-bending test of a multilayer spiral strand,
some obtained results are not in agreement with the ones of other numerical models. How-
ever, the outputs of these models seem questionable and cannot really be taken as a reference.
Regarding the mooring modeling, another aspect which has been investigated concerns the
application of the boundary conditions to the local model. In particular, since just a por-
tion of a longer wire rope is modeled, the idea was to apply periodic boundary conditions
to simulate the continuity of the rope. Results from the analytical models in the literature
have been here exploited. First results are encouraging despite the fact that the proposed
linearization of the resulting kinematic constraints does not enable one to get a satisfying
convergence rate. This point requires further investigations.
Finally, a mooring wire rope simulation has been performed. The results have been exploited
in order to perform a multiaxial fatigue analysis employing the Dang Van criterion. More-
over, other quantities have been obtained, which can be of interest for other type of analysis
(fretting, wear,...). The fatigue analysis has shown that, neglecting the tangential force con-
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tribution, the endurance limit is not attained at any contact location.
The work done during this thesis can be considered as a first step toward the use of more
accurate numerical modeling for fatigue estimation of wire ropes, and the main objectives
have been achieved. Nevertheless, several aspects could be tackled in future research works.
• Other fatigue laws could be tested, in particular by using energy-based criteria rather
than purely stress-based one. An experimental work on fretting between steel wires
could be useful for the definition of a new criterion, taking into account also the influence
of corrosion. Moreover, for the moment only the normal forces have been considered in
the fatigue analysis. Tangential forces will have to be included as well.
• It has been observed that the compliance of the normal contact, linked to the use of
the penalty method, may considerably affect the results. To get rid of this problem,
the Lagrangian or Augmented Lagrangian method for the normal contact part could
be implemented.
• The convergence issues affecting the frame-invariant formulation of the new element
(see Sec. 8.1) require additional investigations.
• More complex friction laws could be used, exploiting also experimental works on steel
wire fretting tests. These friction laws can then be used in order to fit some experimental
results, namely regarding tension-bending tests.
• In order to save computational time, the use of reduced-order models (by employing
for instance the Proper Orthogonal Decomposition) can be considered.
• The residual stress state originating in the wire production phase has to be taken into
account. In particular, it has been proven that a compressive residual stress state
increases the fatigue life. Hence, neglecting it would lead to an overly-conservative
fatigue estimate.
• A refined model of contacting wires has to be conceived in order to deal with contacts
with high contact forces, i.e. when important plastic strains take place and the Hertz
contact theory is less valid.
• For the moment, the global model performs a dynamic analysis, while the local model
is quasi-static. The importance of dynamic phenomena at the local scale has to be
investigated.
• Concerning mooring portion analysis, an optimal strategy for the imposition of the
initial configuration has to be identified, with the definition of a loading path for which
the wire rope reaches a stabilized state.
• A micro-scale model of an inter-wire contact location could be developed, by making
use of numerical models for the simulation of fatigue crack propagation, such X-FEM
[3, 138]. For instance, [114] reports a number of cycles for the propagation of a crack
in a wire comparable to the number of cycles for the crack initiation.
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In this final part, all the terms related to the virtual work associated to the contact element
described in Chapter 7 and its linearization will be detailed. The penalty method will be
considered for the contact resolution, see Sec. 4.2.3.
In the Appendix A some basic notions on finite rotations will be given and the variations
of the beam directors will be obtained. The Appendix B deals with the normal contact
terms while in the Appendix C the tangential contact terms are treated. These terms will
be obtained as function of δd and ∆d, where d is the vector gathering the nodal degrees
of freedom, see Eq. (7.61). δd and ∆d represents respectively the virtual variation of the
degrees of freedom and its increment.
Note that, due to the geometrical nonlinearity of the finite deformation problem, the vari-
ations and linearizations often result in very complex terms (this is of course not the case
when geometrically linear problems are formulated).
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A.1 Definition of a beam tangent director
A beam tangent director t in the current configuration is defined as follows:
t = RT
where T is the beam tangent director in the reference configuration and R is an (orthogonal)
rotation matrix which is defined from the finite rotation vector Φ as follows.
First one defines the skew-symmetric matrix Φˆ associated with Φ by the relationship:
and Φˆ v = Φ ∧ v
for all vectors v. Φ is called the axial vector of the skew-symmetric matrix Φˆ. In matrix
components relative to the standard Euclidean basis, if Φ = (Φ1,Φ2,Φ3)
T , then:
Φˆ =
 0 −Φ3 Φ2Φ3 0 −Φ1
−Φ2 Φ1 0
 (A.11)
Skew-symmetric matrix Φˆ is often denoted by spin(Φ) for spinor in the literature [42]. Con-
versely, the axial vector is denoted by Φ = axial(Φˆ). A well-known result from linear algebra
is that the exponential of a skew-symmetric matrix Φˆ is an orthogonal (rotation) matrix that
produces the finite rotation Φ (see Section 9.5.15. in [6] and [1]). Let the rotation matrix be
R, such that R−1 = RT . Then by definition,
R = exp Φˆ = Id + Φˆ +
1
2!
Φˆ
2
+ . . .
The above infinite series has the following closed-form expression:
R = exp Φˆ = cos ‖Φ‖Id + sin ‖Φ‖‖Φ‖ Φˆ +
1− cos ‖Φ‖
‖Φ‖2 Φ⊗ Φ (A.12)
= Id +
sin ‖Φ‖
‖Φ‖ Φˆ +
1− cos ‖Φ‖
‖Φ‖2 Φˆ
2
(A.13)
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where second expression is obtained by noting that Φ ⊗ Φ = ‖Φ‖2Id + Φˆ2. The rotator R
associated with spinor Φˆ = spin(Φ) (and axial vector Φ) is sometimes denoted by Rot(Φˆ) in
the literature.
Finally, beam tangent director t can be defined explicitly from the finite rotation vector Φ.
In the following, t1 and t2 denote respectively the beam tangent directors t1 (Φ(x1)) and
t2 (Φ(x2)) in order to alleviate the notations.
A.2 Variations of beam directors
A beam tangent director t in the current configuration is defined as follows:
t = R · T
Variation δt in this field is obtained as [1]:
δt = δR · T
where δR is the linearized rotation matrix; that is, the variation of the orthogonal rotation
tensor R. On the other hand, the variation can be defined in terms of the linearized rotation
field δθ:
δt = δθ ∧ t = δθˆ · t = δθˆ · (R · T)
Consequently, it follows that:
δR = δθˆ ·R (A.14)
Since RRT = Id, the linearized rotation is defined by:
δθˆ = δRRT (A.15)
Differentiating the identity RRT = Id one obtains δθˆ+δθˆ
T
= 0. Hence, δθˆ is skew-symmetric.
It denotes the instantaneous rate of change of the rotation of the principle axis associated
with R and when the differentiation is carried out with respect to time, δθˆ represents the
angular velocity tensor. It is consequently important to note that the linearized rotation δθ,
which is analogous to the angular velocity in dynamics, is not the variation of the rotation
vector Φ.
By a straightforward (but involved) calculation, it can be shown that the variation of the
rotation vector δΦ is related to the linearized rotation δθ by [1]
δθ = H(Φ) · δΦ
where:
H(Φ) =
1
‖Φ‖2 Φ⊗ Φ +
sin ‖Φ‖
‖Φ‖
(
Id − 1‖Φ‖2 Φ⊗ Φ
)
+
1− cos ‖Φ‖
‖Φ‖2 Φˆ (A.16)
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We are now capable of expressing the variation of a beam tangent director t. by starting
from the definition
δt = (ĤδΦ)t
and denoting with Hj the j-th column of matrix H = H(Φ) one gets
δt =
(
H1 ∧ t H2 ∧ t H3 ∧ t) δΦ = W (H, t)δΦ (A.17)
Let δθ represent an infinitesimal change in the rotation field (i.e. linearized rotation field).
A direct calculation of the variation of δθ, which is equivalent to calculation of the second
variation of either R or t, leads to an expression that is not symmetric in the variations δθ
and the changes ∆θ. However, it is shown in [141] that the correct definition of the Hessian
operator – that is, the“covariant” derivative of the weak form of the balance equations –
requires only the symmetric part (with respect to the variations) of the second variation.
Thus, we write
∆δR =
1
2
(
δθˆ ·∆θˆ + ∆θˆ · δθˆ
)
·R (A.18)
as proposed in [1]. Similarly, the second variation of the vector field t rotated by R can be
written as:
∆δt =
1
2
[δθ ∧ (∆θ ∧ t) + ∆θ ∧ (δθ ∧ t)] (A.19)
=
1
2
[(δθ · t) ∆θ − (δθ ·∆θ) t+ (∆θ · t) δθ − (∆θ · δθ) t] (A.20)
= − (δθ ·∆θ) t+ 1
2
[(δθ · t) ∆θ + (∆θ · t) δθ] (A.21)
One deduces that, for a vector n perpendicular to t, the following relations hold:
∆δt · n = 1
2
[(δθ · t) ∆θ + (∆θ · t) δθ] · n (A.22)
=
1
2
[(δθ · t) (∆θ · n) + (∆θ · t) (δθ · n)] (A.23)
=
1
2
δθT (n⊗ t+ t⊗ n) ∆θ (A.24)
=
1
2
δΦT
[
H(Φ)T (n⊗ t+ t⊗ n)H(Φ)]∆Φ (A.25)
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B.1 Variation of normal gap
The expression of the variation of normal gap, which has been obtained in Sec. 7.1.4. is
δgN =
(
δx2 − δx1 − ξi δti
) · n
The variation of the position vectors xi, since xi = Xi + ui with Xi the vector of the initial
nodal coordinates, is trivial and reads δxi = δui
Concerning the terms containing the variation of the beam tangents, they can be easily
obtained from (A.17) as
ξiδti · n = ξinTW (Hi, ti)δΦi
and hence(
ξ1n · t1
ξ2n · t2
)
=
(
ξ1 ξ2
)(01×3 nTW (H1, t1) 01×3 01×3
01×3 01×3 01×3 nTW (H2, t2)
)
δd (B.26)
Equivalently, one can deduce for any vector u of R3 that:
δt · u = (δθ ∧ t) · u = (t ∧ u) · δθ = (t ∧ u) · (H(Φ) · δΦ) (B.27)
One obtains in matrix form:
(
δt1 · u
δt2 · u
)
=
(
01×3 (t1 ∧ u)T H(Φ1) 01×3 01×3
01×3 01×3 01×3 (t2 ∧ u)T H(Φ2)
)
δx1
δΦ1
δx2
δΦ2
 = B(u) δd (B.28)
Moreover, following the same reasoning, we obtain
δti · tj = (δθi ∧ ti) · tj = (ti ∧ tj) · δθi = (ti ∧ tj) ·
(
H(Φi) · δΦi
)
(B.29)
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without summation over all the values of the indices i and j. One easily deduces that, for
i = 1, 2: (
ai δti · t1
ai δti · t2
)
=
(
a1 δt1 · t1 + a2 δt2 · t1
a1 δt1 · t2 + a2 δt2 · t2
)
=
(
01×3 a2 (t2 ∧ t1)T H(Φ2)
a1 (t1 ∧ t2)T H(Φ1) 01×3
)(
δΦ1
δΦ2
) (B.30)
or:
(
ai δti · t1
ai δti · t2
)
=
(
01×3 01×3 01×3 a2 (t2 ∧ t1)T H(Φ2)
01×3 a1 (t1 ∧ t2)T H(Φ1) 01×3 01×3
)
δx1
δΦ1
δx2
δΦ2

= B¯(a1, a2) δd
(B.31)
This result will be useful in the following.
From (B.28) we get the expression of δgN in matrix form:
δgN =
(
−nT −ξ1 (t1 ∧ n)T H(Φ1) nT −ξ2 (t2 ∧ n)T H(Φ2)
)
δd = N¯δd (B.32)
The normal contact contribution to the weak form (7.46) is therefore given by
δWNC = NgNδgN = NgNN¯δd (B.33)
B.2 Linearization of the variation of normal gap
We now want to obtain the terms ∆δgN , whose expression, which has been obtained in Sec.
7.3.1, is
∆δgN = −(δξi ∆ti + ∆ξi δti + ξi ∆δti) · n+ (gN + r1 + r2)(∆n · δn)
Its complete expression in matrix form will be obtained in the following sections. The final
result is
∆δgN = δd
T
[−DTM−TB(n)−B(n)TM−1D − C¯(n, ξ1, ξ2) + . . .
. . . (gN + r1 + r2)B(n)
TM−1B(n)
]
∆d = δdT GN ∆d
B.2.1 Determination of δξi
The expression of δξi can be obtained from (7.18), which is
δξiMij =
(
δx2 − δx1 − ξi δti
) · tj + (gN + r1 + r2)n · δtj
which leads, with (B.28) and (B.31), to:
M
(
δξ1
δξ2
)
=
(−tT1 tT1
−tT2 tT2
)(
δx1
δx2
)
− B¯(ξ1, ξ2) δd+ (gN + r1 + r2)B(n) δd (B.34)
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That is to say: (
δξ1
δξ2
)
= M−1D δd (B.35)
with:
D =
(
−tT1 (gN + r1 + r2) (t1 ∧ n)T H(Φ1) tT1 −ξ2 (t2 ∧ t1)T H(Φ2)
−tT2 −ξ1 (t1 ∧ t2)T H(Φ1) tT2 (gN + r1 + r2) (t2 ∧ n)T H(Φ2)
)
(B.36)
B.2.2 Determination of δξi ∆ti · n
Now, one can determine term δξi ∆ti · n. From (B.28) and (B.35), one gets:
δξi ∆ti · n =
(
δξ1 δξ2
)
B(n) ∆d (B.37)
With (B.35), one finally obtains:
δξi ∆ti · n = δdT
(
DTM−TB(n)
)
∆d (B.38)
Similarly, one deduces that:
∆ξi δti · n = δdT
(
B(n)TM−1D
)
∆d (B.39)
B.2.3 Determination of ∆n · δn
From the orthogonality condition n · ti = 0, one gets:
δn · ti = −n · δti (B.40)
Variation δn can be projected on the contravariant basis (t1, t2, n). With the latter equation
and since δn · n = 0, one obtains:
δn = (δn · ti) ti + (δn · n)n
= (δn · ti) ti = −(n · δti) ti
= −(n · δti)M ijtj
One deduces for any vector u of R3 that:
δn · u = − (n · δt1 n · δt2)M−1(t1 · ut2 · u
)
(B.41)
where M is the metric tensor with Mij = ti ·tj. Similarly to (B.40), one has ∆n ·ti = −n ·∆ti.
Thus, one easily deduces from (B.41) and (B.28) that:
δn ·∆n = (n · δt1 n · δt2)M−1(n ·∆t1n ·∆t2
)
= δdT
[
B(n)TM−1B(n)
]
∆d (B.42)
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B.2.4 Determination of ∆δt · n
One exploits (A.25) to obtain, for i = 1, 2:
ai ∆δti · u =
(
δΦT1 δΦ
T
2
)a
1
2
C(Φ1, u) 03×3
03×3
a2
2
C(Φ2, u)
(∆Φ1
∆Φ2
)
(B.43)
where C(Φ, u) = H(Φ)T (u⊗ t(Φ) + t(Φ)⊗ u)H(Φ) is symmetric and 03×3 is a 3 by 3 null
matrix. In matrix form it reads:
ai ∆δti · u = δdT C¯(u, a1, a2) ∆d (B.44)
with:
C¯(u, a1, a2) =

03×3 03×3 03×3 03×3
03×3
a1
2
C(Φ1, u) 03×3 03×3
03×3 03×3 03×3 03×3
03×3 03×3 03×3
a2
2
C(Φ2, u)
 (B.45)
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C.1 Variation of tangential gap
We consider the variation of the “trial” tangential slip which has been defined in Section
7.2.2, which expressed by
ge,trT = g
∆
T + g
e
T,(n,n+1)
Let us consider these two terms separately.
C.1.1 Variation of the tangential gap increment
We consider Eq. (7.27), which is
δg∆T = δξit
i − (ξ2(n)t1 + ξ1(n)t2)δM12 + g∆T i(M ijδtj) + g∆T i(δM ijtj)− . . .
. . . r2 [δn2 · t1 + n2 · δt1)] t1 − r1 [δn1 · t2 + n1 · δt2] t2 (C.46)
The complete matrix form of δg∆T is
δg∆T =
{(
t1 t2
)
M−TD + B̂(g∆TiM
i1, g∆T iM
i2)− B̂(ξ1(n), ξ2(n))− . . .
. . . g∆T1[2M
11M12 + (M12)2 +M11M22]S1 − . . .
. . . g∆T2[2M
22M12 + (M12)2 +M11M22]S2 − . . .
. . .
(
t1 ⊗ t1 t2 ⊗ t2
)(03×3 03×3 03×3 r2W (H2, n2)
03×3 r1W (H1, n1) 03×3 03×3
)
− . . .
(
t1 ⊗ n2 t2 ⊗ n1
)(03×3 r2W (H1, t1) 03×3 03×3
03×3 03×3 03×3 r1W (H2, t2)
)}
δd = G∆δd (C.47)
C.1.1.1 Term δξit
i
The term δξit
i is obtained by exploiting (B.35). Ir reads
δξit
i =
(
t1 t2
)
Dδd =
(
t1 t2
)
M−TDδd (C.48)
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C.1.1.2 Term g∆T i(M
ijδtj)
The term g∆T iδti is obtained by starting from the definition
δti = (ĤiδΦi)ti (C.49)
from which one gets
g∆T i(M
ijδtj) = B̂(g
∆
T iM
i1, g∆T iM
i2)δd (C.50)
where
B̂(a1, a2) =
=
(
03×3 a1W (H1, t1) 03×3 a2W (H2, t2)
) (C.51)
C.1.1.3 Term (ξ2(n)t
1 + ξ1(n)t
2)δM12
Since M12 = M21 = t1 · t2, one has
δM12 = t2 · δt1 + t1 · δt2 (C.52)
Hence since ti · tj = δji one gets
(ξ2(n)t
1 + ξ1(n)t
2)(t2 · δt1 + t1 · δt2) = ξ2(n)δt2 + ξ1(n)δt1 (C.53)
and therefore
(ξ2(n)t
1 + ξ1(n)t
2)δM12 = B̂(ξ
1
(n), ξ
2
(n))δd (C.54)
with B̂ defined in (C.51).
C.1.1.4 Terms g∆T1(δM
1jtj) and g
∆
T2(δM
2jtj)
The variation of the metric tensor components are given by
δM ij = δ(ti · tj) = δ(M iktk ·M jltl)
= δM iktk · tj +M ikδtk · tj + ti · δM jltl + ti ·M jlδtl (C.55)
and therefore, after some algebra and exploiting the relationships ti = M ijtj, M
ij = M ji and
ti · tj = δji , one obtains
δM11 = −2M11M12(t2 · δt1 + t1 · δt2)
δM12 = δM21 = −[(M12)2 +M11M22](t2 · δt1 + t1 · δt2)
δM22 = −2M22M12(t2 · δt1 + t1 · δt2)
(C.56)
Hence we have
g∆T1(δM
1jtj) + g
∆
T2(δM
2jtj) =
= g∆T1(t1δM
11 + t2δM
12) + g∆T2(t1δM
21 + t2δM
22) = s1 + s2 + s3 + s4
(C.57)
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with
s1 = −2M11M12g∆T1t1(t2 · δt1 + t1 · δt2)
= −2M11M12g∆T1
(
t1 ⊗ t2)W (H1, t1)δΦ1 + (t1 ⊗ t1)W (H2, t2)δΦ2
]
= −2M11M12g∆T1S1δd
s2 = −[(M12)2 +M11M22]g∆T1t2(t2 · δt1 + t1 · δt2)
= −[(M12)2 +M11M22]g∆T1
[
(t2 ⊗ t2)W (H1, t1)δΦ1 + (t2 ⊗ t1)W (H2, t2)δΦ2
]
= −[(M12)2 +M11M22]g∆T1S2δd
s3 = −[(M12)2 +M11M22]g∆T2t1(t2 · δt1 + t1 · δt2)
= −[(M12)2 +M11M22]g∆T2
[
(t1 ⊗ t2)W (H1, t1)δΦ1 + (t1 ⊗ t1)W (H2, t2)δΦ2
]
= −[(M12)2 +M11M22]g∆T2S1δd
s4 = −2M22M12g∆T2t2(t2 · δt1 + t1 · δt2)
= −2M22M12g∆T2
[
(t2 ⊗ t2)W (H1, t1)δΦ1 + (t2 ⊗ t1)W (H2, t2)δΦ2
]
= −2M22M12g∆T2S2δd
(C.58)
S1 =
(
03×3 (t1 ⊗ t2)W (H1, t1) 03×3 (t1 ⊗ t1)W (H2, t2)
)
S2 =
(
03×3 (t2 ⊗ t2)W (H1, t1) 03×3 (t2 ⊗ t1)W (H2, t2)
) (C.59)
Finally we get
g∆T1(δM
1jtj) + g
∆
T2(δM
2jtj) =
= −g∆T1[2M11M12 + (M12)2 +M11M22]S1δd− . . .
. . . g∆T2[2M
22M12 + (M12)2 +M11M22]S2δd
(C.60)
C.1.1.5 Terms r2 (δn2 · t1) t1 and r1 (δn1 · t2) t2
First of all we have to express the variation of the rotation matrix δR∆i = δR(Φ
∆
i ). One has:
R(Φi) = R(Φ
∆
i ) ·R(Φi,(n))
R(Φ∆i ) = R(Φi) ·RT (Φi,(n)) (C.61)
with Φ∆i and Φi,(n) the current rotation vector increment and the total rotation vector at
the previous increment at node i (i.e. of the beam tangent ti). Therefore, from (A.14) one
obtains
δR(Φ∆i )n(n) = δR(Φi) ·RT (Φi,(n))n(n)
= ̂H(Φi)δΦi ·R(Φi)Ni
= ̂H(Φi)δΦi · ni
(C.62)
These terms are hence obtained as follows:
(δn2 · t1) t1 = (t1 ⊗ t1)(δR∆2 n(n))
= (t1 ⊗ t1)W (H2, n2) δΦ2 (C.63)
Putting together the two terms one obtains
r2 (δn2 · t1) t1 + r1 (δn1 · t2) t2 =
=
(
t1 ⊗ t1 t2 ⊗ t2
)(03×3 03×3 03×3 r2W (H2, n2)
03×3 r1W (H1, n1) 03×3 03×3
)
δd
(C.64)
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C.1.1.6 Terms r2 (n2 · δt1) t1 and r1 (n1 · δt2) t2
These terms are obtained following the same procedure adopted previously:
(n2 · δt1) t1 = (t1 ⊗ n2) δt1
= (t1 ⊗ n2)W (H1, t1)δΦ1 (C.65)
Putting the two terms together one gets
r2 (n2 · δt1) t1 + r1 (n1 · δt2) t2 =
=
(
t1 ⊗ n2 t2 ⊗ n1
)(03×3 r2W (H1, t1) 03×3 03×3
03×3 03×3 03×3 r1W (H2, t2)
)
δd
(C.66)
C.1.2 Calculation of the variation: δgeT,(n,n+1)
As explained in Section 7.2.2, the elastic slip at time increment n can be expressed as
geT,(n) = ξ
i
e,(n)ti,(n)
and it can be mapped in the configuration at time increment n+ 1 as
geT,(n,n+1) = ξ
i
e,(n)ti
Hence in matrix form one has
δgeT,(n,n+1) = ξ
i
e,(n)δti
=
(
03×3 ξ1e,(n)W (H1, t1) 03×3 ξ
2
e,(n)W (H2, t2)
)
δd
= B̂(ξ1e,(n), ξ
2
e,(n))δd
(C.67)
with B̂ defined in (C.51).
C.2 Calculation of the contribution to the weak form
The tangential contact contribution to the weak form (7.53) is given by
δW TC = tT · δge,trT = tT · (δg∆T + δgeT,(n,n+1))
= δdT
(
GT∆ + B̂
T
(ξ1e,(n), ξ
2
e,(n))
)
· tT (C.68)
with G∆ and B̂
T
(ξ1e,(n), ξ
2
e,(n)) defined respectively in (C.47) and (C.67).
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Titre : Mode´lisation multi-e´chelle de la fatigue des lignes d’ancrage pour l’e´olien offshore flottant
Mots cle´s : Eolien offshore, caˆble monotoron, e´le´ments finis, fatigue, contact, frottement
Re´sume´ : La fonction principale des syste`mes d’an-
crage des e´oliennes offshore flottantes est de limi-
ter les mouvements du support. Les lignes d’ancrage
qui les composent sont typiquement constitue´es de
chaıˆnes, de caˆbles aciers, de caˆbles synthe´tiques ou
d’une combinaison de ces composants. Dans cette
the`se, on se concentre sur les caˆbles en acier qui
permettent de re´duire le poids et d’augmenter la
re´sistance en tension par rapport aux chaıˆnes. Leur
dimensionnement de´pend des chargements en ten-
sion et flexion, lie´s aux mouvements du flotteur sous
l’action de la mer et du vent.
L’objectif de la the`se est le de´veloppement d’un nou-
veau mode`le nume´rique pour pre´dire la dure´e de vie
en fatigue des caˆbles d’ancrage d’une e´olienne off-
shore flottante. Il doit notamment simuler les glisse-
ments relatifs entre les fils au cours d’une flexion du
caˆble. Des re´sultats d’essais de tension-flexion de la
litte´rature ont en effet montre´ que la premie`re rupture
est localise´e pre`s du plan neutre de flexion, ou` ces
de´placements relatifs sont les plus grands. Cet effet
majeur sur la dure´e de vie du caˆble n’est pas pris en
compte par les lois de fatigue en tension-tension des
normes de design offshore actuelles.
Il faut aussi remarquer que l’utilisation d’un mode`le
de´taille´ de caˆble dans une de´marche de dimension-
nement a` la fatigue repre´sente un vrai de´fi. Le nombre
e´leve´ d’interactions de contact a` mode´liser, de l’ordre
de plusieurs milliers par me`tre de caˆble, et le grand
nombre de cas de chargement rendent ce type de cal-
culs tre`s couˆteux.
Les chargements qui sont utilise´s dans le mode`le lo-
cal de caˆble sont issus de calculs globaux re´alise´s a`
l’aide d’un logiciel multiphysique (DeeplinesTM). Ce lo-
giciel permet de simuler les conditions environnemen-
tales (vent, houle, courant) applique´es sur l’ensemble
de la structure offshore.
Nous montrons que le comportement non line´aire
en flexion du caˆble, lie´ aux interactions de contact
entre les fils, n’influence pas significativement les
re´sultats du mode`le global. Cette observation justifie
une de´marche de type descendante, les calculs glo-
baux pouvant eˆtre re´alise´s en premie`re e´tape.
Les e´volutions temporelles des tensions et courbures
globales sont applique´es uniforme´ment sur le fil cen-
tral du mode`le local du caˆble. La continuite´ du caˆble
est repre´sente´e par des conditions de pe´riodicite´ re-
liant les sections de bord a` des points internes du
mode`le situe´s sur la meˆme position circonfe´rentielle.
Les fils sont mode´lise´s par des e´le´ments poutres. On
obtient les contraintes ge´ne´ralise´es sur les fils, les
forces de contact et les glissements relatifs.
Des premie`res analyses ont montre´ que les
de´placements relatifs entre les fils restent petits dans
notre cadre d’application. Afin de re´duire le couˆt cal-
cul, nous avons de´veloppe´ un nouvel e´le´ment de
contact entre poutres non paralle`les, avec un apparie-
ment fixe de contact, dans l’hypothe`se de petits glis-
sements mais en grands de´placements et grandes ro-
tations. Des tests nume´riques montrent l’ame´lioration
obtenue, avec un re´sultat plus proche d’un mode`le
de re´fe´rence qui conside`re un contact surfacique. De
plus, le nouveau mode`le re´duit significativement le
couˆt calcul et se montre plus robuste en convergence,
ce qui s’ave`re crucial pour un calcul de fatigue.
Les sorties du mode`le local sont ensuite utilise´es pour
pre´dire un e´tat de contrainte 3D, en exploitant des
solutions analytiques de contact entre corps cylin-
driques. Finalement, un crite`re de fatigue multiaxial
de la litte´rature est applique´ pour e´valuer le risque en
dommage.
Title : Multi-scale modeling of the fatigue of mooring wire ropes for floating offshore wind turbines
Keywords : floating wind turbine, spiral strand, finite element, fatigue, contact, friction
Abstract : The main function of mooring systems
of floating offshore wind turbines is to ensure sta-
tion keeping. The mooring lines can be composed of
chains, wire ropes, synthetic ropes, or even a combi-
nation of them. In this thesis we focus on wire ropes,
whose advantage over chain is to sustain high tension
at a lower weight. Their design must consider the suc-
cessive tension and bending loading induced by the
floater movement for various wind and waves condi-
tions.
The thesis purpose is to develop a new numerical mo-
del, dedicated to the prediction of fatigue damage in
mooring wire ropes of a floating wind turbine. In par-
ticular it has to simulate the relative movements bet-
ween the wires when the rope is bent. Results from
free-bending fatigue tests in the literature show the
importance of these effects, since the first rupture is
localized near the neutral plane, where fretting is more
important. This phenomenon affecting the fatigue life
is not considered by fatigue criteria of current offshore
standards, which are related to tension-tension loa-
ding.
It is worth noting that the use of a detailed model of
wire rope in a fatigue design procedure represents
a real challenge. The high number of contact inter-
actions to be modeled, which are several thousands
per meter of rope, and the large amount of loading
cases make this type of computations extremely time-
consuming.
The loading used in the developed local model of wire
rope is obtained from global computations performed
with a dedicated multiphysics software (DeeplinesTM).
This software allows to simulate the environmental
conditions (wind, waves, current) applied on the whole
structural system.
Some preliminary computations showed that the non-
linear bending behavior of the wire rope, linked to the
wire contact interactions, does not significantly affect
the output of the global model. This observation justi-
fies the use of a top-down scheme, with a prior com-
putation of the global scale.
The global scale tension and curvature are then uni-
formly imposed on the central wire of the local model.
The continuity of the rope is represented by periodic
conditions which link the end sections to points within
the model, at the same circumferential locations. The
wires are modeled by beam elements. The outputs at
the local scale are the stress resultants on the wires,
and the contact forces and relative displacements at
contact locations.
Small sliding between the wires has been observed
from first numerical analysis, for a representative loa-
ding case. Therefore, in order to reduce the computa-
tional cost of the wire rope model, a new node-to-node
contact element has been developed, dedicated to the
modeling of contact between non-parallel beams with
circular cross section. It assumes fixed contact pairing
and finite rotations. Numerical benchmarks and expe-
rimental tests on wire ropes show the improvement
with results closer to a reference surface-to-surface
model, when compared to standard algorithm for the
simulation of contact between beams. Moreover, the
new model reduces significantly the CPU cost and is
also more robust, which is crucial for fatigue life esti-
mates.
The outputs of the local scale model are then used
to obtain the complete 3D stress state by means of
analytical solutions of contact between solids with cy-
lindrical shape. Finally, a multiaxial fatigue criterion is
applied in order to assess the safety of the system.
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